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Abstract—The aim of this work is the numerical simulation of wave propagation in media with linear-
elastic and acoustic layers as exemplified by the seismic prospecting problems in the Arctic region and
the explosive impact on an iceberg. The complete system of equations describing the state of a linearly
elastic body and the system of equations describing the acoustic field are solved. The grid-character-
istic method is used to provide the contact and boundary conditions, including the contact condition
between acoustic and linear-elastic layers, to be correctly described.
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1. INTRODUCTION
The problem of the exploration of the Russian Arctic shelf remains topical due to the necessity of devel-

oping and prospecting hydrocarbon fields. The Russian Arctic shelf contains eight hydrocarbon fields dis-
covered since 1983 until 1992 that have approximate total reserves of 2700000000 m3. Among them, there
are five federally important objects: Leningradskoe and Rusanovskoe in the Kara Sea; as well as Ledovoe,
Ludlovskoe, and Murmanskoe in the Barents Sea. The Prirazlomnaya ice-resistant oil-producing plat-
form is built in the Pechora Sea to develop the Prirazlomnoye oil field and the possibility of gas recovery
at the Shtokmanovskoe field (Barents Sea) is being developed. The earlier estimated oil and gas resources
for these fields need to be specified [1]. A factor complicating the oil development in the Arctic seas is the
permanent presence of ice, in particular, icebergs [2–5].

Oil prospecting under the conditions of the Arctic region has its particular features. For example, one
of the layers that prospecting signals have to transit is the seawater [6, 7]; another layer contributing to the
measured or calculated wave responses is the ice. In addition to seismic prospecting, electromagnetic
prospecting can also be considered effective in the search for hydrocarbons (see the review on this topic
in [8]).

2. PROBLEM STATEMENT
In the present work, the complete system of equations, which describes the state of a continuous lin-

early elastic medium, and the complete system of equations, which describes the acoustic field, are solved.
The components of movement velocity  and Cauchy’s symmetric stress tensor  in a linearly elastic
medium are described by the following equation system [9, 10]:

 (1)

 (2)

For the numerical simulation of the seawater layer and oil-containing inclusions, we used the ideal liq-
uid approximation [11] and solved the complete system containing the equations describing the acoustic
field of pressure and the components of velocity v:

 (3)

 (4)
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In Eqs. (1) and (2),  and  are the Lame parameters defining the properties of the elastic material; 
is the density;  is the tensor product of vectors a and b;  and  is a single second-rank
tensor. In Eq. (4),  denotes the sonic velocity in an ideal liquid. The P-wave velocity in a linearly elastic
medium can be found from the formula

 (5)
and the S-wave velocity is calculated according to the following expression:

 (6)
The boundary conditions with the set velocity at the boundary and with the set internal force, as well

as the mixed boundary conditions, full adhesion contact conditions, free sliding conditions, and contact
between the liquid and solid body, are implemented. The damages (cracks) that appear are taken into
account by using the Mises criterion [12].

3. GRID-CHARACTERISTIC METHOD
For numerically solving the equation systems (1), (2) and (3), (4), we used the grid- characteristic

method on curvilinear structural grids [13] that allows us to construct the correct numerical algorithms for
calculating the boundary points and points on the interfaces between two media having different Lame
parameters and (or) densities.

System (1) and (2) in the two-dimensional case can be presented in the following form:

 (7)
In Eq. (7), vector  is the vector composed of two components of velocity and three components of the
symmetric stress tensor:

First, the method of splitting on spatial coordinates was used; as a result, two one-dimensional systems
are obtained:

 (8)

Each of these systems is hyperbolic and possesses the full set of eigenvectors with real eigenvalues; there-
fore, each system can be transformed as follows:

where matrix  is the one composed of eigenvectors;  is a diagonal matrix, whose elements are eigen-
values. For all coordinates, matrix  is of the following form (index  is omitted below wherever possible):

After replacement of variables  each of the systems described by Eq. (8) falls into five indepen-
dent scalar transfer equations:

One-dimensional transfer equations are solved either by the method of characteristics or common finite-
difference schemes. When all components are transposed, the solution itself is restored:

In the used software, application of TVD-difference schemes of the second order of accuracy [14] and
15 different limiters [15] are implemented; in the calculations, we mainly used the superbee limiter [16]
and grid-characteristic schemes of second–fourth orders of accuracy [13].

4. CONDITION OF CONTACT BETWEEN LIQUID AND SOLID BODY
Let the equation system (1) and (2) be solved in part a of the integration domain, and let the equation

system (3) and (4) be solved in part b of the integration domain. Let us consider the condition of contact
between them. In the three-dimensional case, system (1) and (2) has three outputs, whereas system (3)
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and (4) has one output. Thus, in order to find all four outputs, the following conditions of contact should
be satisfied:

 (9)

 (10)

 (11)
Condition (9) is equality between the normal component of surface density of the forces from a solid

body and the pressure in ideal liquid; condition (10) provides the tangential component of the surface den-
sity of forces from a solid body to be zero; and condition (11) sets the equality between normal components
of the velocities in the ideal liquid and solid body. In (9)–(11),  denotes the external normal to the solid
body (and also the internal normal to the liquid).

Velocity vector  is calculated in such a way that conditions (9)–(11) are satisfied. Then, we use the
boundary condition with the set velocity for a solid body and the boundary condition with the set normal
component of velocity for a liquid.

5. SEISMIC PROSPECTING ON THE ARCTIC SHELF
We carried out numerical experiments to solve the problems related to seismic prospecting under the

conditions of the Arctic shelf. In all the calculations, the spatial step was 0.2 m; the time step was 3 × 10–

5 s, and the total number of time steps was 15000. The considered ice layer was 4 m thick and 917 kg/m3 in
density. The P- and S-wave velocities were assumed to be 3940 and 3650 m/s, respectively. The considered
water layer was 100 m thick, which fits the sea depth at the Leningradskoe and Rusanovskoe fields in the
Kara Sea [1]. The P- and S- wave velocities in the sediment (beneath the bottom) were 6500 and 3700 m/s,
respectively; the sediment density was assumed to be 2500 kg/m3. The water density was 1000 kg/m3; and
the sonic velocity was 1500 m/s. The width of the integration domain was 1200 m. Then we calculated the
bottom layer 600 m deep, with nonreflecting boundary conditions on its sides [10].

We considered the sources installed on the ice, within the ice, in the water beneath the ice, on the sea
floor, and in the water without ice on the water surface. In all cases, the effect was simulated by the Ricker
wavelet. Based on the results of the numerical experiments, a similarity was revealed for (a) the wave pat-
terns when the sources are installed on the ice, within the ice, and in the water beneath the ice, (b) the
reflections that appear, and (c) all types of seismograms (from surface- and seafloor-based receivers, with
horizontal and vertical components of velocity, and with a velocity modulus). In addition, when the
sources were installed on the seafloor, the presence of ice did not significantly affected the seismograms
obtained on both the seafloor and the ice/water surface.

The receivers were installed on either the seafloor or the ice surface (in its presence); in the absence of
ice, the receivers were on the water surface. If the receivers were installed on the seafloor, the locations of
the sources were not important. The receivers at the bottom always provide more information: both ver-
tical and horizontal components of velocity. In contrast, when the receivers are installed on either the ice
or water surface, the horizontal component of velocity is lost. If the receivers are installed on ice, the con-
struction of seismograms on the velocity modulus yields less information than the direct construction of
seismograms on the vertical component of velocity due to the increase in amplitude as a result of the incre-
ment of the horizontal component, which carries no information. In addition, at the same intensity of the
wave effect, the signals recorded by ice-based receivers are much weaker than those recorded by bottom
receivers.

We considered four types of reservoirs at a depth of 50 m: short f luid-saturated, short averaged, elon-
gated f luid-saturated, and elongated averaged. An elongated reservoir 20-m-thick was located over the
entire width of the integration domain; thus, the nonreflecting boundary conditions were also set in its
sides. The short reservoir was 20 m thick and 200 m long and wide. In the f luid-saturated reservoir, system
(3) and (4) was solved at a density of 900 km/m3 and sonic velocity of 1470 m/s. In the averaged reservoir,
system (1) and (2) was solved with the following elastic characteristics: P- and S-wave velocities of 4000
and 1250 m/s, respectively and density of 2000 km/m3. The source was installed on ice.

Figure 1 presents wave patterns corresponding to all the mentioned reservoir types at time 0.135 s. Fig-
ure 2 shows the seismograms in the case of receivers installed on ice to measure the vertical component of
velocity. Figures 1a and 2a illustrate the calculation results for the elongated f luid-saturated reservoir;
Figs. 1b and 2b, the elongated averaged; Figs. 1c and 2c, the short f luid-saturated; and Figs. 1d and 2d,
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the short averaged. The seismograms in Fig. 2 and below are constructed by using the software described
in [17].

In f luid-saturated reservoirs (Figs. 1a, 1c), we can see more intensive reflections than in the averaged
reservoirs (Figs. 1b, 1d). The signals from fluid-saturated reservoirs are also more distinct. In all the seis-

Fig. 1. Wave patterns. Reservoir types.

(a) (b)

(с) (d)

Fig. 2. Seismograms (vertical component of velocity). Reservoir types.

0.5

0.4

0.3

0.2

0.1

0
(a)

0.5

0.4

0.3

0.2

0.1

0
(b)

0.5

0.4

0.3

0.2

0.1

0
(c)

0.5

0.4

0.3

0.2

0.1

0
(d)



352

MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 8  No. 4  2016

FAVORSKAYA et al.

mograms, for the cases of both bottom and ice-based receivers, the signals from fluid-saturated reservoirs
are more distinct. In the figures below, the elongated f luid-saturated reservoir is considered.

Let us compare the wave patterns appearing when the source is installed in water near the surface and
on the bottom without ice. Figure 3 depicts the wave reflections for these cases, and Fig. 4 shows the seis-
mograms obtained from the receivers located on the water surface when measuring the vertical component
of velocity. Figures 3a and 4a present the case with the source in the water near the surface; Figs. 3b and
4b, the same without reservoir; Figs. 3c and 4d, the case with the receiver on the bottom layer; Figs. 3d
and 4d, the same without the reservoir. The wave patterns in Figs. 3a and 3b are present at time moment
0.135 s, while those in Figs. 3c and 3d are for time moment 0.09 s.

Let us compare the wave patterns appearing when the source is installed on the bottom in the presence
of ice. Figure 5 shows the wave signals for these cases, while Fig. 6 presents seismograms obtained from
ice-based receivers when measuring the vertical component of velocity. Figures 5a and 6a illustrate the
case with an ice-based source; Figs. 5b and 6b, the same without a reservoir; Figs. 5c and 6c, the case with
the source on the bottom; Figs. 5d and 6d, the same without a reservoir. The wave pattern in Figs. 5a and
5b are for time moment 0.135 s; those in Figs. 5c and 5d, for 0.09 s.

The velocity modulus is shown in Figs. 1, 3, and 5 in gray. We can see that the case of the source being
installed on the bottom, even when the receivers are installed on the surface, provides more information
in both the presence and absence of ice (in this case, the ice does not significantly affect the received sig-
nals). In contrast, if the source and receivers are located near the water surface in the absence of ice, the
signal carries more information.

6. IMPACT EFFECT ON ICEBERG

We considered an iceberg measuring 100 × 200 m with density 917 kg/m3; the P- and S- wave velocities
were 3940 and 3650 m/s, respectively. The maximal value of the stress tensor in the Mises criterion [12]
was assumed to be 1.2 MPa for the ice. Around the ice, we considered the water layer having a density of
900 kg/m3 and sonic velocity of 1470 m/s. We set the boundary condition of the free boundary at the upper
boundary of the water and at the ice boundary not in contact with the water. Nonreflecting boundary con-
ditions were set [10] on all sides of the integration domain. A surface force density of 0.9 in amplitude
acted on the upper surface of the iceberg. The time step was 2.5 × 10–5 s and the spatial step was 0.1 m.

Fig. 3. Wave patterns. Comparison between sources’ locations in water (near its surface) and on the bottom. The case in
the absence of ice.

(a) (b)

(с) (d)
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Figure 7 presents the wave pattern formed in the iceberg and water at time moment 0.055 s. The velocity
modulus is shown in gray and the zone of cracks in the iceberg is shown in black.

7. 3D MODELING OF SEISMIC EXPLORATION PROBLEMS IN THE ARCTIC REGION

For modeling seismic processes under the conditions of the Arctic seas in the 3D case, we performed
the calculations on a rectangular grid containing  nodes to study the signal from the single Ricker
wavelet source recorded on the ice surface in the multicomponent ice–water–sediment–inclusion

75.4 10×

Fig. 4. Seismograms (vertical component of velocity). Comparison between sources’ locations in water (near its surface)
and on the bottom. The case in the presence of ice.
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Fig. 5. Wave patterns. Comparison between sources’ locations in ice and on the bottom. The case in the absence of ice.
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medium. The width of the integration domain was 120 m and its depth was 60 m. Nonreflecting boundary
conditions were set on all sides of the integration domain.

In total,  iterations were made; at every iteration, the time step was 3 × 10–5 s. The step on the
coordinate was also constant (0.4 m).

15000

Fig. 6. Seismograms (vertical component of velocity). Comparison between sources’ locations in ice and on the bottom.
The case in the presence of ice.
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Fig. 7. Wave pattern on the effect of the impact on an iceberg and the appearance of a system of cracks. The time moment
is 0.055 s.
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Fig. 8. Wave pattern in the ice–water–sediment–inclusion medium.

Fig. 9. Wave travel in ice.

The following parameters of the medium were assumed: ice thickness of 4 m, ice density of 917 kg/m3;
the P- and S-wave velocities were 3940 and 2491 m/s, respectively. The water layer was 20 m thick and
1000 kg/m3 in density; the sonic velocity was 1500 m/s. For the sediment having density 2500 kg/m3, the
P- and S-wave velocities were assumed to be 6500 and 3700 m/s, respectively. The density of the inclusion
was assumed to be 2000 kg/m3. The P- and S-wave velocities were 4000 and 1250 m/s, respectively.

Figure 8 presents the wave pattern appearing in the integration domain at time moment 4.510 × 10–4 s.
Figures 9–12 illustrate the sections across the center of the integration domain along two vertical mutually
perpendicular planes.

Figures 9–12 also demonstrate horizontal sections in different layers. For example, Fig. 9 shows the
propagation of elastic waves in ice at time moment 4.510 × 10–4 s. The horizontal section is located at a
depth of 2 m from the ice surface.

Figure 10 shows the signal moving through the water. The interference pattern in the center is caused
by the interaction between the traveling wave and its reflection from the underlying layers. The section
plane is located at a depth of 14 m from the ice surface.
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Fig. 10. Interference pattern in the water layer.

Fig. 11. Formation of reflection from the bottom.

Fig. 12. Wave travel through the oil reservoir (inclusion).
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The formation of a reflection from the bottom is shown in Fig. 11. The section plane is located at a
depth of 30 m from the ice surface. The wave patterns in Figs. 10 and 11 are also at time moment 4.510 ×
10–4 s.

The movement of the wave through the oil-containing inclusion is presented in Fig. 12. The horizontal
section is at a depth of 38 m from the ice surface.

8. CONCLUSIONS
The numerical modeling of wave processes in media with linearly elastic and acoustic layers has been

performed. The problems of seismic exploration under the conditions of the Arctic shelf have been solved.
Based on the calculations carried out, synthetic seismograms have been constructed; in addition, the
effect and mutual influence of ice, the types of set oil reservoirs, and the positions of sources and receivers
on the obtained seismograms has been analyzed. The problem on the effect of the impact on an iceberg
has also been solved.
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