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As a rule, an intensity spectrum of undulator radiation (UR) is calculated by using the classical approach,
even for electron energy higher than 10 GeV. Such a spectrum is determined by an electron trajectory in
an undulator while neglecting radiation loss. Using Planck’s law, the UR photon spectrum can be calcu-
lated from the obtained intensity spectrum, for both linear and nonlinear regimes.
The electron radiation process in a field of strong electromagnetic waves is considered within the quan-

tum electrodynamics framework, using the Compton scattering process or radiation in a ‘light’ undulator.
A comparison was made of the results from using these two approaches, for UR spectra generated by 250-
GeV electrons in an undulator with a 11.5-mm period; this comparison shows that they coincide with
high accuracy. The characteristics of the collimated UR beam (i.e. spectrum and circular polarization)
were simulated while taking into account the discrete process of photon emission along an electron tra-
jectory in both undulator types. Both spectral photon distributions and polarization dependence on pho-
ton energy are ‘smoothed’, in comparison to that expected for a long undulator—the latter of which
considers the ILC positron source (ILC Technical Design Report).

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

One possible option for a polarized positron source for use with
future International Linear Collider (ILC) is a helical undulator,
which is needed to produce a beam of circularly polarized photons
with the subsequent generation of longitudinally polarized posi-
trons [1].

As for the considered parameters of the polarized positron
source, the energy of electrons is about 150–250 GeV, the period
of the undulator is ku ¼ 11:5 mm, the undulator strength parame-
ter is K � 1, and the number of periods is Nu ¼ 2� 104). The energy
of the emitted photons, meanwhile, is �hx > 10 MeV. In other stud-
ies [2–4], the undulator radiation (UR) characteristics are calcu-
lated according to the formulas of classical electrodynamics—
which, generally speaking, require justification, as the photons of
UR at the indicated energy level are emitted in a discrete manner.
In other words, in every act, the energy of electron changes
abruptly. The UR process, at the very least, should therefore be
described within the framework of quantum theory.

This study describes the UR, based on an analogy with radiation
from electrons in a ‘light’ undulator [5,6]. That is, the sequential
simulation of each event corresponding to the emission of the UR
photon of radiation is treated as a process of nonlinear Compton
scattering.
2. Theory of undulator radiation in the classical approach

To begin with, let us consider classical UR.
For the sake of simplicity, we consider UR from a helical undu-

lator with a period ku, an undulator strength parameter K (nonlin-
earity parameter), and a number of periods Nu. In such an
undulator, the electron trajectory is a helix. In a system where an
electron is, on average, at rest (R-system), the trajectory of an elec-
tron is circular with the radius [7]:

R � K ku
pc0

; if K � 1; ð1Þ

where c0 is the Lorentz factor.
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Using the well-known formulas for synchrotron radiation, one
can easily obtain formulas for radiation intensity after Lorentz-
transformation from the R-system to the laboratory system [7]:

dW
dX

¼ 8a�hx0Nuc40

1þ K2 þ c20h
2

� �3 K
2
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n¼1

n2 J02n nZð Þ þ c0h
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" #
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where a ¼ 1=137 is the fine structure constant; x0 ¼ 2pc
ku

1� 1þK2

2c20

� �
is the frequency of the fundamental harmonic; h is the angle of
the outgoing photon, Z ¼ 2Kc0h

1þK2þc20h
;n ¼ 1;2;3; . . .is the harmonic

number; and Jn xð Þ and J0nðxÞ are the Bessel function of order n and
its derivative, respectively.

The formula (2) is obtained in the small-angle approximation of
the outgoing photon for the long undulator (Nu � 1). There is the
well-known relationship connecting the frequency of the n-th har-
monic and the outgoing angle [7]:

xðnÞ ¼ n
2c20

1þ ðc0hÞ2 þ K2

2pc
ku

: ð3Þ

Using this relationship, it is convenient to transform expression
(2) into the spectral distribution (dW=dX ! dW=dx) and then use

a dimensionless spectral variable SðnÞ instead of a frequency xðnÞ:

SðnÞ ¼ xðnÞ

2c20x0
¼ xðnÞ

2c202pc=ku
¼ n

1þ ðc0hÞ2 þ K2 ; ð4Þ

0 6 SðnÞ 6 SðnÞmax; SðnÞmax ¼
n

1þ K2 :

The photon UR spectrum for the n-th harmonic can be obtained
from the UR intensity spectrum divided by the emitted photon
energy �hxðnÞ:

dNðnÞ

dSðnÞ
¼ 4paK2Nu

n� S nð Þ2 1þ K2
� �h i2

4S nð ÞK2 n� S nð Þ 1þ K2
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The number of photons emitted at the n-th harmonic can be cal-

culated by integration of the spectral distribution (5):

NðnÞ ¼
Z SðnÞmax

0

dNðnÞ

dSðnÞ
dSðnÞ: ð6Þ

The total number of photons Ntot per electron in the undulator
is:

Ntot � 2
3
paK2Nu: ð7Þ

For Nu � 104 and for K � 1;Ntot is approximately equal to 100.
Fig. 1. Spectral distribution for the first four harmonics.
The spectral distributions for different harmonic numbers are
presented in Fig. 1; the resulting spectrum is in Fig. 2 (right scale).
Both distributions were calculated per an undulator period.

The spectrum (5) depends solely on the parameter K, and has a
universal character that allows it to transform into real photon
spectra for any values of c0; ku, and K.

We simulated spectra and polarization of UR for the following
parameters [1]:

E0 ¼c0mc2 ¼ 250GeV; ku ¼ 1:15cm; Nu ¼ 20000;
Lu ¼Nuku ¼ 231m; K ¼ 0:92:

A collimator with an aperture radius Rc ¼ 0:7 mm is placed
Lc ¼ 400 m from the central point of the undulator [8].

Using the relation (3), we calculated a photon spectrum per unit
energy interval, per an undulator period:
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where x0 ¼ 2pc=ku (see Fig. 2 (left scale)).
The circular polarization of UR depends on the angle of the out-

going photon and the Stokes parameter n2 characterizes such a
polarization component. It can be written as the spectral depen-
dence, using the following relation (4):

n2 S nð Þ
� �

¼
Xnmax

n¼1
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The dependence of the Stokes parameter n2 on the photon

energy for the aforementioned parameters is shown in Fig. 3.

3. The quantum model of the undulator radiation

The process within the classical electrodynamics framework—
whereby each treated electron emits � 100 photons with energy
� 10 MeV—needs improvement; this can be had by using the
quantum approach.

Other studies [5,6] show the analogy between classical UR and
the linear Thomson scattering of the undulator field (approximated
by the plane wave) by a relativistic electron. Below, we present fur-
ther development of such a model for the nonlinear Compton scat-
tering process.

Let us consider the nonlinear Compton backscattering (CBS)
process:
Fig. 2. Resulting spectrum of the summarized harmonics.



Fig. 4. Photon spectrum calculated in the quantum approach for nmax ¼ 4.

Fig. 3. Circular polarization of UR, summarized over first four harmonics.
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p0 þ nk0 ¼ p1 þ k1;

where the number of ‘absorbed’ photons n in each interaction is a
random quantity with its own distribution law, which is given by
the field strength a0 (the nonlinearity parameter of the process)
and initial photon and electron energies (kinematics of the process).

The CBS cross-section is most simply expressed through invari-
ant variables [9]:

x0 ¼ 2p0k0
mc2ð Þ2

¼ 2 1þ b0ð Þc0�hx0

mc2
; y ¼ 1� p0k1

p0k0
� �hx
c0mc2

: ð10Þ

Here, the components of the four-momentum of particles for
the head-on collision appear as follows:

k0 ¼ �hx0;0;0; �hx0=cf g;
p0 ¼ c0mc2;0;0; c0b0mc

� �
;

k1 ¼f�hx; �hx sin h=c;0; �hx cos h=cg:
In (10), p0k0 and p0k1 are the products of four vectors,

b0 ¼ t0=c; t0 is the velocity of the initial electron.
The cross-section of the nonlinear CBS process with the absorp-

tion of n photons is written with invariant variables [9]:
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In the latter formula, the quantity J2m is a Bessel function of order

m ¼ n� 1; n; nþ 1 of the same argument:
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In quantum electrodynamics, the number of absorbed photons
n can correlate with the harmonic number of scattered radiation
in classical electrodynamics.

It is easy to obtain the expression for a photon spectrum from
(11), using the relation �hx nð Þ ¼ c0mc2y nð Þ (see [5,6]):

dN nð Þ

d�hx nð Þ ¼
aa20N0

4r20

dr nð Þ

d�hx nð Þ ;
dN
d�hx

¼
Xnmax

n¼1

dN nð Þ

d�hx nð Þ: ð13Þ

where r0 is the classical electron radius, and N0 is the number of
periods in a wave packet.

To obtain formulas for the static helical undulator, one needs to
use substitutionsx0 ! x0=2 in (10), and a2

0 ! 2K2 in (11)–(13) [5].
The results of using the formula (13) to calculate the photon

spectrum is presented in Fig. 4, after summation over n up to
nmax ¼ 4.

The positions of the spectral peaks are determined by the
expression:
�hxðnÞ
max ¼ c0mc2

nx
1þ nxþ a20=2

� 4c20
n�hx0

1þ a20=2
; ð14Þ

where �hx0 ¼ 2p�hc
ku

.
In comparing Figs. 2 and 4, one can conclude that there is excel-

lent coincidence (i.e. with accuracy better than 10�3 near the first
maximum). The Stokes parameter n2 was calculated by CBS formu-
las (see, for instance, [10]):

n2ðhxÞ ¼
Xnmax

n

F nð Þ
2 ð�hxÞ=

Xnmax

n

F nð Þ
0 ð�hxÞ; ð15Þ

where functions FðnÞ
0 and FðnÞ

2 are given by formula (47) of the paper
[10]—which also coincides with the results presented in Fig. 3, with
the same level of accuracy.

Collimation of the radiation by the aperture hc leads to a ‘cutoff’
of the soft part of the spectrum, and to an increase in the polariza-
tion of the final radiation. In the calculations, instead of (4), the fol-
lowing relation must be used [11,12]:

nx

1þ nxþ ðc0hcÞ2 þ a20=2
<

�hx nð Þ

c0mc2
<

nx
1þ nxþ a20=2

: ð16Þ

Formulas (11)–(15) can be applied for any collision geometry
with corresponding calculations of variables x; y, instead of expres-
sion (10)--for instance, for the geometry considered by Petrillo
[13], where circular polarization n2 was calculated for the linear
case.

However, in the case of an undulator with the length
Lu—comparable to the distance to the collimator Lc—the collima-
tion angle hc is determined by the position of the quanta emission.
Thus, to derive a correct calculation of the collimated spectrum and
polarization, it is essential to average the classical formulas along
the electron trajectory, passing through a ‘long’ undulator.

The results of this averaging of ‘classical’ formulas are shown in
Fig. 5a; they were obtained for ðcchcÞmin ¼ 0:68 (emission from the
undulator entrance) up to ðcchcÞmax ¼ 1:22.

In the quantum approach, the following characteristics are sim-
ulated: the point of interaction (along the trajectory), and the
energy of the emitted photon (and hence the photon emission
angle and the energy of the electron after the collision).

The paper [12] shows the step-by-step algorithm used in the
CBS simulation process, which takes into account the change in
the electron energy during the process of photon emission
Ntot � 1.

The simulation results obtained for the same conditions are
shown in Fig. 5b. In comparing Figs. 5a and 5b, one sees that the
inclusion of the electron energy changes along the path which is
lacking in the classical approach, where it leads to an insignificant
distortion in the results.



Fig. 5. UR collimated photon spectrum obtained by averaging along the electron trajectory ((a) classical approach, (b) quantum approach).

Fig. 6. Polarization of the collimated beam.
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The simulation results of the circular polarization degree of the
collimated beam are shown in Fig. 6.

One can see that ‘rejection’ of the soft part of the initial
spectrum leads not only to spectrum ‘narrowing’ but also to an
increase in the circular polarization of the final beam (compare
Figs. 3 and 6).

4. Conclusion

Intense flux of circularly polarized photons with energy higher
than 10 MeV is needed to produce a polarized positron beam at ILC
and usually, UR is considered as the most probable source of such
quant.
We simulated the spectral and polarization characteristics of
collimated UR produced by electrons in a long undulator, by taking
both classical and quantum approaches.

In the former case, we calculated UR photon spectra using clas-
sical formulas for UR intensity; in the latter, we applied cross-
section formulas that describe the nonlinear Compton scattering
process. The number of photons accepted by the collimator aper-
ture—which depends on the emission point along the electron tra-
jectory—was simulated in both cases. Comparisons of the results
(see Fig. 5a and b) confirm the adequacy of both approaches.

We showed that the classical formulas remain valid when used
to calculate UR characteristics for high-energy electrons, when the
energy of the emitted photons exceeds � 10 MeV.
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