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1 Ââåäåíèå

Â íàøå âðåìÿ ìàøèííîå îáó÷åíèå çàâîåâàëî ñòðîãî ïîëîæèòåëüíóþ ðå-
ïóòàöèþ. Â äàííûõ ÷àñòî åñòü çàêîíîìåðíîñòè, êîòîðûå íå óäà¼òñÿ îòñëå-
äèòü íåâîîðóæåííûì ãëàçîì. Äëÿ ýòîãî ñóùåñòâóåò ìíîãî ìàòåìàòè÷åñêèõ
ìîäåëåé, êîòîðûå íàõîäÿò çàâèñèìîñòè ìåæäó äàííûìè è ïîçâîëÿþò äåëàòü
ïðåäñêàçàíèÿ. Ïðåäñêàçàòåëüíûå ìîäåëè ìîæíî èñïîëüçîâàòü ïðàêòè÷åñêè
â ëþáîé ñôåðå. Ñàìûå ïðîñòûå ïðåäñêàçàíèÿ ñòðîÿòñÿ íà îñíîâå ëèíåé-
íûõ ìîäåëåé, êîòîðûå îòëè÷àþòñÿ îò äðóãèõ âûñîêîé ñêîðîñòüþ îáó÷åíèÿ,
íî ìåíüøåé ïðåäñêàçàòåëüíîé ñèëîé. Â äàííîé ðàáîòå ðàññìîòðåíû îñíîâ-
íûå èçâåñòíûå âèäû ëèíåéíûõ êëàññèôèêàòîðîâ, ê íèì äîáàâëåíû äâà ìå-
íåå èçâåñòíûõ ïîäõîäà(ðåëàêñàöèîííûé ìåòîä è ìåòîä ñâåäåíèÿ ê ëèíåéíî-
ìó ïðîãðàììèðîâàíèþ). Îáà ïîäõîäà ðåøàþò çàäà÷ó ïîèñêà ìàêñèìàëüíîé
ñîâìåñòíîé ïîäñèñòåìû ñèñòåìû ëèíåéíûõ íåðàâåíñòâ. Ïðåäñòàâëÿåò èíòå-
ðåñ ñðàâíèòü èõ ìåæäó ñîáîé è ñ óæå ïðîÿâèâøèìè ñåáÿ ìåòîäàìè. Êàæ-
äûé êëàññèôèêàòîð ðåàëèçîâàí â Python3 ñ ìàêñèìàëüíûì èñïîëüçîâàíèåì
áèáëèîòåêè numpy äëÿ óñêîðåíèÿ âû÷èñëåíèé. Âñå êëàññèôèêàòîðû ñðàâ-
íèâàëèñü êàê íà ìîäåëüíûõ äàííûõ, òàê è íà íàñòîÿùèõ äàííûõ, âçÿòûõ èç
èçâåñòíûõ äàòàñåòîâ. Ñðàâíåíèå ïðîèçâîäèëîñü ïî äîëå ïðàâèëüíûõ îòâå-
òîâ(êëàññû âñåãäà äîñòàòî÷íî ñáàëàíñèðîâàíû ïîýòîìó ýòà ìåòðèêà âïîëíå
ïîäõîäèò). Òàêæå ñðàâíèâàëèñü âðåìåíà ðàáîòû êëàññèôèêàòîðîâ. Áûëî
âûÿñíåíî, ÷òî ñâåäåíèå ê ëèíåéíîìó ïðîãðàììèðîâàíèþ èìååò òî ïðåèìó-
ùåñòâî, ÷òî ïîçâîëÿåò ñêàçàòü, ìîæíî ëè ñ ñàìîãî íà÷àëà ïîñòðîèòü ðàçäå-
ëÿþùóþ ãèïåðïëîñêîñòü ìåæäó îáúåêòàìè ðàçíûõ êëàññîâ. Ðåëàêñàöèîí-
íûé ìåòîä ïðîÿâèë ñåáÿ êàê ñàìûé áûñòðî îáó÷àþùèéñÿ, à òðè îñòàâøèåñÿ
â î÷åðåäíîé ðàç ïîäòâåðäèëè ñâîþ âûñîêóþ ñêîðîñòü è õîðîøóþ äëÿ ëè-
íåéíîé êëàññèôèêàöèè òî÷íîñòü ïðåäñêàçàíèé.

2 Ïîñòàíîâêà çàäà÷è

2.1 Äëÿ äâóõ êëàññîâ

Åñòü N ýëåìåíòîâ, êàæäûé èç êîòîðûõ ïðèíàäëåæèò îäíîìó èç äâóõ
êëàññîâ. Êàæäûé îáúåêò ïðåäñòàâëÿåò èç ñåáÿ âåêòîð ðàçìåðíîñòè D. Äëÿ
Ntrain ýëåìåíòîâ èõ êëàññû èçâåñòíû:

yk =

{
1, åñëè îáúåêò xk ïðèíàäëåæèò êëàññó 1

0, åñëè îáúåêò xk ïðèíàäëåæèò êëàññó 0
.

Äëÿ îñòàëüíûõ Ntest = N −Ntrain ýëåìåíòîâ(òåñòîâîé âûáîðêè) èõ êëàññû
íóæíî ïðåäñêàçàòü.

2.2 Äëÿ ëþáîãî ÷èñëà êëàññîâ

Èìååòñÿ N îáúåêòîâ, êàæäûé èç êîòîðûõ ïðèíàäëåæèò îäíîìó èç M
êëàññîâ. Êàæäûé îáúåêò èìååò D ÷èñëîâûõ ïðèçíàêîâ. Äëÿ Ntrain îáúåê-
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òîâ(îáó÷àþùåé âûáîðêè) èõ êëàññû èçâåñòíû.

yk =


0, åñëè îáúåêò xk ïðèíàäëåæèò êëàññó 0

1, åñëè îáúåêò xk ïðèíàäëåæèò êëàññó 1

...

M, åñëè îáúåêò xk ïðèíàäëåæèò êëàññó M

.

Äëÿ îñòàëüíûõ Ntest = N −Ntrain ýëåìåíòîâ(òåñòîâîé âûáîðêè) èõ êëàññû
íóæíî ïðåäñêàçàòü äëÿ òåñòîâûõ Ntest îáúåêòîâ.

3 Ïðåäëàãàåìûå ìåòîäû ðåøåíèÿ

3.1 Äëÿ äâóõ êëàññîâ

3.1.1 Ðåëàêñàöèîííûé ìåòîä

Ïðåäëàãàåòñÿ ïûòàòüñÿ îòäåëÿòü îáúåêòû êëàññîâ äðóã îò äðóãà ãè-
ïåðïëîñêîñüþ â D-ìåðíîì ïðîñòðàíñòâå. Ãèïåðïëîñêîñòü çàäà¼òñÿ (D+1)
-ìåðíûì âåêòîðîì w. Îáúåêò xk ñ÷èòàåòñÿ îáúåêòîì êëàññà 1, åñëè w0 +∑D

j=1 xij ·wj > 0 è îáúåêòîì êëàññà 0, åñëè w0+
∑D

j=1 xij ·wj < 0(âåðîÿòíîñòü,
÷òî íåïðåðûâíî ðàñïðåäåëåííàÿ ñëó÷àéíàÿ âåëè÷èíà áóäåò ðàâíà ðîâíî íó-
ëþ â òàêîé ëèíåéíîé êîìáèíàöèè, ðàâíà íóëþ, ïîýòîìó êà÷åñòâî íå áó-
äåò óõóäøåíî âíå çàâèñèìîñòè îò òîãî, áóäåò ëè ïðèñâàèâàòüñÿ íóëåâîé
èëè ïåðâûé êëàññ îáúåêòàì, íà êîòîðûõ îáà íåðàâåíñòâà íå âûïîëíÿòñÿ).
Âñå âåêòîðû xk äëÿ óäîáñòâà ïðåîáðàçóþòñÿ â (D+1)-ìåðíûå âåêòîðà âè-
äà (1, xk1, xk2, .., xkD), ÷òîáû ìîæíî áûëî áîëåå êðàòêî ïèñàòü xT

kw. Äëÿ
íàõîæäåíèÿ âåðêòîðà w ìèíèìèçèðóåòñÿ ôóíêöèîíàë:

L =
1

Ntrain

Ntrain∑
k=1

([xT
kw >= 0] · (1− yk) + [xT

kw < 0] · yk) (1)

Òî åñòü äîëþ îøèáîê ïðè êëàññèôèêàöèè îáó÷àþùåé âûáîðêè.
Ñîñòàâëÿåòñÿ ñèñòåìà íåðàâåíñòâ:{

xT
kw · (−1)yk >= 0, k = 1, Ntrain (2)

Òåïåðü ïîëó÷àåòñÿ, ÷òî íóæíî íàéòè òàêîé âåêòîð w, ÷òîáû ìàêñèìàëü-
íîå ÷èñëî íåðàâåíñòâ èç (2) âûïîëíÿëîñü. Çàäà÷à ñâîäèòñÿ ê ïîèñêó ìàêñè-
ìàëüíîé ñîâìåñòíîé ïîäñèñòåìû ñèñòåìû íåðàâåíñòâ.

Äàëåå ïîä xk ïîäðàçóìåâàåòñÿ xk · (−1)yk êàê êîýôôèöèåíò îäíîãî
óðàâíåíèÿ ñèñòåìû (2). Äîïóñòèì, ñèñòåìà ñîâìåñòíà. Èñêàòü å¼ ðåøåíèå
ïðåäëàãàåòñÿ, ñòðîÿ ïîñëåäîâàòåëüíîñòü w1,w2...wk.... Ââåäåíî îáîçíà÷å-
íèå I(wk) = {k|xT

kw < 0}. Äàëåå èäóò ðàçíûå âàðèàíòû ïîñòðîåíèÿ ïî-
ñëåäîâàòåëüíîñòè {wk}Kk=1, à òî÷íåå âûáîð íàïðàâëåíèÿ dw â wk+1 =
wk + θk+1 · dw:

•

dw = xq ·
xT
qwk

||xq||2
, ãäå q = arg max

j∈I(wk)
|xT

j wk| (3)
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•

dw = z ·
∑

j∈I(wk)
(xT

j wk)2

||z||2
, ãäå z =

∑
j∈I(wk)

xj · |xT
j wk| (4)

•

dw = z ·
∑

j∈I(wk)
λj · |xT

j wk|
||z||2

, ãäå z =
∑

j∈I(wk)

xj · λj ;λj ≥ 0 (5)

λj íàõîäÿòñÿ êàê ðåøåíèÿ çàäà÷è ìàêñèìèçàöèè ÷èñëà íåðàâåíñòâ,
êîòîðûå ñìåíÿþò ñâîé çíàê ñ îòðèöàòåëüíîãî íà ïîëîæèòåëüíûé.

Äëÿ òàêèõ ñëó÷àåâ ïðè 0 ≤ θ ≤ 2 è, åñëè ñèñòåìà ñîâìåñòíà, äîêàçàíî[1]:

ρ(wk+1, Q) ≤ σ · ρ(wk, Q), 0 < σ < 1, ãäe Q - ìíîæåñòâî ðåøåíèé

Âåðí¼ìñÿ ê ñëó÷àþ, êîãäà ñèñòåìà íå îáÿçàòåëüíî ñîâìåñòíà. ßñíî, ÷òî
òîãäà íå áóäåò íàéäåíî ðåøåíèå ïîëíîé ñèñòåìû, ïîòîìó ÷òî íå àáñîëþòíî
ëþáûå îáúåêòû îòäåëÿþòñÿ ãèïåðïëîñêîñòüþ, òàêæå âñåãäà ìîæíî âñòðå-
òèòü âûáðîñû. Òî åñòü íóæíî îòáðàñûâàòü íåêîòîðûå èç íåðàâåíñòâ. Ïðåä-
ëàãàåòñÿ ýòî äåëàòü ÷åðåç êàæäûå íåñêîëüêî èòåðàöèé, îòáðàñûâàÿ òå íåðà-
âåíñòâà, êîòîðûå ÷àùå âñåãî íå âûïîëíÿþòñÿ. Òàêèì îáðàçîì, íàñòóïèò ìî-
ìåíò, êîãäà ñèñòåìà ñòàíåò ñîâìåñòíà, è ðåøåíèå áóäåò íàéäåíî.

Äëÿ óâåëè÷åíèÿ ñêîðîñòè ñõîäèìîñòè ðåêîìåíäóåòñÿ ðåøàòü ñèñòåìó:{
xT
kw · (−1)yk >= ε, k = 1, Ntrain (6)

Èòàê, äàííûé êëàññèôèêàòîð, èìååò 3 ãèïåðïàðàìåòðà:

• ε - ïîïðàâêà ê íåðàâåíñòâàì;

• k - ÷èñëî øàãîâ, ïîñëå êîòîðîãî îòáðàñûâàþòñÿ íåðàâåíñòâà, êîòîðûå
÷àùå âñåãî íå âûïîëíÿëèñü;

• θ - ñêîðîñòü îáó÷åíèÿ.

Äàííîå ÷èñëî, êîíå÷íî, ìîæíî ðàñøèðèòü çàñ÷¼ò òîãî, ÷òî ñêîðîñòü îáó-
÷åíèÿ ìîæíî ìåíÿòü ïî ìåðå ïðèáëèæåíèÿ ê ìíîæåñòâó ðåøåíèé, îäíîâðå-
ìåííî ñ ýòèì ìîæíî ìåíÿòü è ÷èñëî øàãîâ, êîòîðîå äåëàåòñÿ äî îòáðàñû-
âàíèÿ íåðàâåíñòâ ïî ìåðå îáó÷åíèÿ.

3.1.2 Ñâåäåíèå ê ëèíåéíîìó ïðîãðàììèðîâàíèþ

Çàäà÷à ñíîâà ñâîäèòñÿ ê ïîèñêó ìàêñèìàëüíîé ñîâìåñòíîé ïîäñèñòåìû
ñèñòåìû ëèíåéíûõ íåðàâåíñòâ. Ñíîâà òå íåðàâåíñòâà, ÷üè îáúåêòû ïðèíàä-
ëåæàò ê êëàññó 0, óìíîæàþòñÿ íà -1. Ââåäèòñÿ äîïîëíèòåëüíàÿ ïåðåìåííàÿ
ε, êîòîðóþ íóæíî ìàêñèìèçèðîâàòü â ñëåäóþùåé çàäà÷å:{

ε→ max

xT
kw · (−1)yk > ε, k = 1, Ntrain

(7)
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Åñëè ñèñòåìà íåñîâìåñòíà, òî î÷åâèäíî, ÷òî ðåøåíèå áóäåò ε = ε ≤ 0.
Äàëåå ïðåäëàãàåòñÿ îòáðàñûâàòü íåðàâåíñòâà. Îòáðàñûâàåòñÿ òî, äëÿ êîòî-
ðîãî äîñòèãàåòñÿ ìàêñèìóì âåëè÷èíû

1
|I0| · (

∑
i∈I0
i6=j

wT
i )wj

||
∑
i∈I0
i 6=j

wi|| · ||wj ||

Òàêàÿ ïðîöåäóðà âûïîëíÿåòñÿ, ïîêà ε íå ñòàíåò áîëüøå íóëÿ.
Èòàê, ïîëó÷èëè êëàññèôèêàòîð ñ 2 ãèïåðïàðàìåòðàìè:

• k - ÷èñëî øàãîâ, ïîñëå êîòîðîãî ìû îòáðàñûâàåì íåðàâåíñòâà, ñàìûå
îòêëþíÿþùèåñÿ îò îñòàëüíûõ íåâûïîëíåííûõ;

• part_to_exclude - äîëÿ íåðàâåíñòâ, êîòîðóþ ìû áóäåì èñêëþ÷àòü èç
ñèñòåìû.

3.1.3 Àïïðîêñèìàöèÿ ãëàäêîé ôóíêöèåé

Òåïåðü õî÷åòñÿ óñêîðèòü ïðîöåññ îáó÷åíèÿ. Äëÿ ýòîãî íóæíî ñäåëàòü
ôóíêöèþ ïîòåðü L íåïðåðûâíî äèôôåðåíöèðóåìîé. Õîðîøî ïîäõîäèò ñèã-
ìîèäà:

σ(xk) =
1

1 + exp−x
T
kw·(−1)yk (8)

Åñëè îáúåêò k êëàññèôèöèðîâàëè êàê îáúåêò êëàññà 1, òî çíà÷åíèå xT
kw >

0. Åñëè ðåøåíèå ïðèíÿòî âåðíî(true positive), òî ñòåïåíü ýêñïîíåíòû áóäåò
ïîëîæèòåëüíîé, çíà÷èò âñÿ äðîáü áóäåò ñòðåìèòüñÿ ê íóëþ ïðè óâåëè÷åíèè
çíà÷åíèÿ xT

kw. Åñëè ðåøåíèå îøèáî÷íîå(false positive), òî ñòåïåíü ýêñïîíåí-
òû áóäåò îòðèöàòåëüíîé, à çíà÷èò, âñÿ äðîáü áóäåò ñòðåìèòüñÿ ê åäèíèöå
ïðè îòäàëåíèè xT

kw îò åäèíèöû âïðàâî. Àíàëîãè÷íî, åñëè xT
kw < 0 è âû-

áîð ïðàâèëüíûé(true negative), òî âñÿ äðîáü áóäåò òåì áëèæå ê íóëþ, ÷åì
ëåâåå îò íóëÿ çíà÷åíèå xT

kw, åñëè âûáîð íåïðàâèëüíûé(false negative), òî
âñÿ äðîáü áóäåò òåì áëèæå ê åäèíèöå, ÷åì áîëüøå çíà÷åíèå xT

kw. Òî åñòü
ïðè ïðàâèëüíûõ îòâåòàõ çíà÷åíèå (8) áëèçêî ê åäèíèöå, ïðè íåïðàâèëüíûõ
- ê íóëþ.

Ôóíêöèÿ ïîòåðü - ýòî ñóììà òàêèõ ñèãìîèä äëÿ êàæäîãî îáúåêòà èç
îáó÷àþùåé âûáîðêè:

L =

Ntrain∑
k=1

σ(xk) (9)

Ïîäñ÷¼ò ãðàäèåíòà ñèãìîèäû:

∂σ(xk)

∂wj
=

= − 1

(1 + exp(−xT
kw(−1)yk))2

· exp(−xT
kw(−1)yk) · (−xkj · (−1)yk) =

=
1

1 + exp(−xT
kw(−1)yk)

· exp(−xT
kw(−1)yk)

1 + exp(−xT
kw(−1)yk)

· (−1)yk+1 · xkj =

= σ(xT
kw) · (1− σ(xT

kw)) · xkj · (−1)yk+1, ïðè k = 1, Ntrain, j = 1, D + 1
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Âèäíî, ÷òî ãðàäèåíò ñèãìîèäû ëåãêî âûðàæàåòñÿ ÷åðåç ñàìó ñèãìîèäó,
çäåñü æå íóæíî äîáàâèòü ïðîèçâîäíóþ ïîêàçàòåëÿ ñèãìîèäû.

Èòàê, ýòó ôóíêöèþ ïîòåðü ìèíèìèçèðóþò èòåðàöèîííûì ìåòîäîì, èñ-
ïîëüçóþùèì àíàëèòè÷åñêèé ïîäñ÷¼ò ãðàäèåíòà, íàïðèìåð, ãðàäèåíòíûì
ñïóñêîì è òåì ñàìûì íàõîäÿò ðåøåíèå.

3.2 Äëÿ ëþáîãî ÷èñëà êëàññîâ

3.2.1 Ìåòîä îïîðíûõ âåêòîðîâ (SVM)

Òåïåðü èìååòñÿ áîëüøå, ÷åì äâà êëàññà, ïîýòîìó áëÿ ïðèíÿòèÿ ðåøåíèÿ
íåäîñòàòî÷íî îäíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè. Äëÿ êàæäîãî êëàññà çà-
âîäèòñÿ ñâîé âåêòîð âåñîâ wk, k = 1,M . Â èòîãå èìååòñÿ ìàòðèöà âåñîâ
W = ||w1,w2, ...,wM ||. Äëÿ îïðåäåëåíèÿ êëàññà îáúåêòà x âû÷èñëÿåòñÿ
ïðîèçâåäåíèå W Tx - âåêòîð îöåíîê. Âûáèðàåòñÿ òîò êëàññ, ÷üÿ îöåíêà ñà-
ìàÿ âûñîêàÿ.

Ôóíêöèÿ ïîòåðü Li íà îäíîì îáúåêòå âûãëÿäèò ñëåäóþùèì îáðàçîì:

Lk =
∑
j 6=yk

max (0,xT
kwk − xT

kwyk + ∆) (10)

Òàêæå åñòü ñìûñë èñïîëüçîâàòü ðåãóëÿðèçàöèþ

R(W ) =

D∑
i=1

M∑
j=1

W 2
i,j (11)

Èòîãîâàÿ ôóíêöèÿ ïîòåðü ìîæåò áûòü çàïèñàíà êàê

L =
1

N

N∑
i=1

Li + λR(W )

Èëè áîëåå ïîëíî:

L =
1

N

N∑
k=1

∑
j 6=yk

max (0,xT
kwk − xT

kwyk + ∆) + λ
∑
i

∑
j

W 2
i,j (12)

Îñòà¼òñÿ íàéòè ìèíèìóì ïî âåñàì äàííîé ôóíêöèè. Îïòèìèçàöèÿ ïðî-
âîäèòñÿ ãðàäèåíòíûì ñïóñêîì. Ïðîèçâîäíàÿ ôóíêöèè ïîòåðü ïî âåñó âåð-
íîãî êëàññà âûðàæàåòñÿ â âèäå:

∇wyk
Lk = −

∑
j 6=yk

1(xT
kwj − xT

kwyk + ∆ > 0)

xk (13)

ãäå 1 - ôóíêöèÿ-èíäèêàòîð, ðàâíàÿ åäèíèöå, åñëè óñëîâèå âåðíî, è íóëþ,
åñëè óñëîâèå íå âåðíî. Ïî îñòàëüíûì âåñàì (j 6= yk):

∇wj
Lk = 1(xT

kwj − xT
kwyk + ∆ > 0)xk (14)

Äàííûé êëàññèôèêàòîð èìååò 2 ãèïåðïàðàìåòðà:

1. ∆ - ñäâèã â ôóíêöèè ïîòåðü;

2. λ - êîýôôèöèåíò ïåðåä âåñàìè. ×åì îí áîëüøå, òåì ñèëüíåå ðåãóëÿ-
ðèçèðóþòñÿ âåñà.
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3.2.2 Ìèíèìèçàöèÿ êðîññ-ýíòðîïèè (Softmax)

Ïóñòü èìååòñÿ íåêàÿ îöåíî÷êàÿ ôóíêöèÿ fj(xk,W ), â äàííîì ñëó÷àå
fj(xk,W ) = W Txk, äàþùàÿ îöåíêó ïðèíàäëåæíîñòè îáúåêòà xk êëàññó j.
Ôóíêöèÿ ïîòåðü â òàêîì ñëó÷àå âûãëÿäèò ñëåäóþùèì îáðàçîì:

Lk = − log

(
efyk (xk,W )∑
j e

fj(xk,W )

)
= −fyk

+ log
∑
j

efj(xk,W ) (15)

Êðîññ-ýíòðîïèÿ ìåæäó îöåí¼ííûì ðàñïðåäåëåíèåì q è íàñòîÿùèì p äà¼òñÿ
ôîðìóëîé:

H(p, q) = −
∑
x

p(x) log q(x) (16)

Â íàøåì ñëó÷àå q = efyk
(xk,W )∑

j efj(xk,W ) , p = (0, 0, 0, ..., 1, ..., 0), ãäå åäèíèöà

ñòîèò íà yk ìåñòå. Òî åñòü äàííàÿ ôóíêöèÿ ïîòåðü ìèíèìèçèðóåò êðîññ-
ýíòðîïèþ ìåæäó îöåí¼ííûì è èñòèííûì ðàñïðåäåëåíèåì.

Òàêæå òàêîé âûáîð ôóíêöèè ïîòåðü ìîæíî èíòåðïðåòèðîâàòü êàê æå-
ëàíèå íàéòè ìàêñèìóì ëîãàðèôìà ôóíêöèè ïðàâäîïîäîáèÿ äëÿ äàííîãî
ðàïðåäåëåíèÿ.

Èòîãîâàÿ ôóíêöèÿ ïîòåðü âûãëÿäèò ñëåäóþùèì îáðàçîì:

L =
1

N

∑
k

Lk +R(W ) (17)

Ïðàêòè÷åñêèé ñîâåò: èç-çà èñïîëüçîâàíèÿ ýêñïîíåíò â ôóíêöèè ïîòåðü
ìîãóò âîçíèêíóòü ïðîáëåìû ñ ÷èñëåííûìè ïîäñ÷¼òàìè, ïîòîìó ÷òî çíà÷å-
íèÿ efj(xk,W ) ìîãóò îêàçàòüñÿ î÷åíü áîëüøèìè. Äëÿ èçáåæàíèÿ ýòèõ ïðî-
áëåì ñòîèò ñäåëàòü ïîïðàâêó íà êîíñòàíòó:

efyk (xk,W )∑
j e

fj(xk,W )
=

Cefyk (xk,W )

C
∑

j e
fj(xk,W )

=
efyk (xk,W )+logC∑
j e

fj(xk,W )+logC
(18)

Äëÿ óâåðåííîñòè ìîæíî âûáðàòü log(C) = −maxj fj . Òîãäà âñå ýêñïîíåí-
òû áóäóò äàâàòü çíà÷åíèå ìåíüøå åäèíèöû, ÷òî äàñò óâåðåííîñòü â òî÷íîñòè
âû÷èñëåíèé.

Îñòà¼òñÿ ïîäñ÷èòàòü ãðàäèåíò ôóíêöèè ïîòåðü:

pk =
efyk∑
j e

fj
Lk = − log pk

∂Lk

∂fj
= pj − 1(k = yk) (19)

∂Lk

∂wj
= (pj − 1(k = yk))xk (20)
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4 Ðåàëèçàöèÿ ìåòîäîâ

4.1 Ðåàëèçàöèÿ ðåëàêñàöèîíííîãî ìåòîäà

Âåçäå äàëåå np - áèáëèîòåêà numpy, óñêîðÿþùàÿ è óïðîùàþùàÿ ìíîãèå
âû÷èñëåíèÿ. Èòàê, ñîçäà¼òñÿ ñâîé êëàññ, êîòîðûé íàçûâàåòñÿ one_weight
_linear_model, èìåþùèé âåêòîð âåñîâ w, ÷èñëî îáúåêòîâ N, ÷èñëî ïðè-
çíàêîâ D(âêëþ÷àÿ êîíñòàíòó), ÷èñëî øàãîâ ïåðåä èñêëþ÷åíèåì íåðàâåíñòâ
steps_to_exclude, ïàðàìåòð θ, êîòîðûé íàçûâàåòñÿ theta, ïàðàìåòð ε :
eps è äîëþ èñêëþ÷àþùèõñÿ íåðàâåíñòâ part_to_exclude, ïîòîìó ÷òî,
åñëè èñêëþ÷àòü ïî îäíîìó íåðàâåíñòâó íà áîëüøîì íàáîðå äàííûõ, òî ñëè-
øîì äîëãî áóäåò íàõîäèòüñÿ ðåøåíèå. Âåêòîð âåñîâ ñíà÷àëà ïóñòîé, òàê êàê
ðàçìåðíîñòü äàííûõ èçíà÷àëüíî íåèçâåñòíà.

class one_weight_linear_model():

def __init()__(self, method, theta, eps, steps_to_exclude,

part_to_exclude):

self.w = None

self.D = None

self.N = None

self.theta = theta

self.eps = eps

self.part_to_exclude = part_to_exclude

self.steps_to_exclude = steps_to_exclude

Äàëåå íóæíî îïèñàòü ìåòîä �t(self, X, y), ïðèíèìàþùèé íà âõîä ìàò-
ðèöó îáúåêòîâ è âåêòîð íîìåðîâ êëàññîâ. Íî äëÿ íà÷àëà ïðåîáðàçîâûâàåòñÿ
X òàê, ÷òî äëÿ îáúåêòîâ êëàññà 0 äîáàâëÿåòñÿ åù¼ îäèí êîíñòàíòíûé ïðè-
çíàê, ðàâíûé åäèíèöå, à îáúåêòû êëàññà 1 òàêæå ïîëó÷àþò êîíñòàíòíûé
ïðèçíàê, à çàòåì äîìíîæàþòñÿ íà -1. Òàêèì îáðàçîì ìàòðèöà X - ìàòðèöà
êîýôôèöèåíòîâ ñèñòåìû ëèíåéíûõ íåðàâåíñòâ, äëÿ êîòîðîé âñå íåðàâåí-
ñòâà äîëæíû áûòü áîëüøå íóëÿ. Òàê æå èíèöèàëèçèðóþòñÿ âåñà ìîäåëè w.
Âîñïîëüçîâàâøèñü ïðîñòûìè ñîîáðàæåíèÿìè î òîì, ÷òî ïðèìåðíî ïîëîâè-
íà âåñîâ áóäåò áîëüøå íóëÿ, ïîëîâèíà - ìåíüøå íóëÿ, w èíèöèàëèçèðóþò-
ñÿ ñëó÷àéíûìè ÷èñëàìè èç íîðìàëüíîãî ðàñïðåäåëåíèÿ. ×òîáû îòêëèê íå
áûë ñëèøêîì áîëüøèì, äëÿ áîëüøåãî ÷èñëà ðàçìåðíîñòè óñòàíàâëèâàåòñÿ
ìåíüøàÿ äèñïåðñèÿ, ïðîïîðöèîíàëüíî

√
k. Ýòè ïîäãîòîâèòåëüíûå äåéñòâèÿ

ïîìåùàþòñÿ â îòäåëüíûé ìåòîä prepare_data(self, X, y)

def prepare_data(self, X, y):

X = np.array(X)

self.N = X.shape[0]

X = np.concatenate((X, np.ones([self.N, 1])), axis=1)

self.D = X.shape[1]

self.w = np.random.normal(0, 2. / self.D, self.D)

X = np.apply_along_axis(lambda a: a * (-1) ** (y + 1), 0, X)

return X

Âûçîâ ýòîãî ìåòîäà äåëàåòñÿ ïåðâûì â ìåòîäå �t. Äàëåå íóæíî ïðèãî-
òîâèòü ñëîâàðü íîìåðîâ íåðàâåíñòâ, êîòîðûå íå âûïîëíÿþòñÿ. Äëÿ ýòîãî
ïðåäëàãàåòñÿ õðàíèòü âåêòîð unful�lled(èçíà÷àëüíî èç íóëåé) ðàçìåðà n.
Åñëè íåðàâåíñòâî ïîä íîìåðîì i íå áûëî âûïîëíåíî, òî i-òûé ýëåìåíò âåê-
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òîðà unful�lled ïîä íîìåðîì i áóäåò óâåëè÷åí íà åäèíèöó. Òåïåðü íóæíî
âûáðàòü, êàêîé øàã áóäåò äåëàòüñÿ. Çäåñü ðåàëèçîâàí âòîðîé âàðèàíò. Íà-
ïèñàíà ôóíêöèÿ calc_dw(self, X), êîòîðàÿ áóäåò âûñ÷èòûâàòü íàïðàâëå-
íèå øàãà, êîòîðîå áóäåò óìíîæàòüñÿ íà theta:

def calc_dw(self, X):

negatives = X[X.dot(self.w) <= 0]

scalar_mults = np.abs(negatives.dot(self.w))

dw = np.sum(np.apply_along_axis(lambda a: a * scalar_mults, 0,

negatives), axis=0)

dw *= np.sum(scalar_mults ** 2) / np.sum(dw ** 2)

return dw

Çäåñü negatives - òå îáúåêòû, äëÿ êîòîðûõ íåðàâåíñòâà íå âûïîëíÿþòñÿ,
scalar_mults - ýòî ìàòðèöà ïîïàðíûõ ïðîèçâåäåíèé xjiwki, ãäå j - íîìåð
îáúåêòà, i - íîìåð ïðèçíàêà.

Åñòü îäèí íüþàíñ: ìîæåò ñëó÷èòüñÿ òàê, ÷òî dw îêàæåòñÿ î÷åíü ìàëåíü-
êèì ïî íîðìå. äëÿ òàêèõ ñëó÷àåâ íàïèñàíî äîïîëíèòåëüíîå óñëîâèå, êîòîðîå
áû íå ïîçâîëÿëî äåëèòü íà 0 â âû÷èñëåíèè ñîãëàñíî ôîðìóëå (4):

if np.any(np.abs(dw) > 1e-10):

dw *= np.sum(scalar_mults ** 2) / np.sum(dw ** 2)

else:

dw *= np.sum(scalar_mults ** 2) / 1e-11

Çäåñü, åñëè âèäíî, ÷òî ïî ìîäóëþ dw î÷åíü ìàëî, òî äåëèòñÿ íå íà 0, à íà
î÷åíü ìàëåíüêóþ âåëè÷èíó.

Òåïåðü äëÿ îáó÷åíèÿ íóæíî îòáðàñûâàòü òå íåðàâåíñòâà, êîòîðûå íå
âûïîëíÿþòñÿ ÷àùå âñåãî. Äëÿ ýòîãî ïèøåòñÿ ìåòîä delete_worst(self, X,
unful�lled), êîòîðûé íà âõîä ïîëó÷àåò X - ìàòðèöó îáúåêòû-ïðèçíàêè è
âåêòîð unful�lled, ñîäåðæàùèé â ñåáå ÷àñòîòó íåâûïîëíåíèÿ êàæäîãî èç
íåðàâåíñòâ:

def delete_worst(self, X, unfulfilled):

for i in range(max(1, int(self.N * self.part_to_exclude))):

num_to_del = np.argmax(unfulfilled)

X = np.delete(X, num_to_del, 0)

unfulfilled = np.delete(unfulfilled, num_to_del, 0)

return X, unfulfilled

Âèäíî, ÷òî èñêëþ÷àåòñÿ ïî êðàéíåé ìåðå îäíî íåðàâåíñòâî, êîòîðîå ÷à-
ùå âñåãî íå âûïîëíÿåòñÿ.

Èòàê, âñ¼ ãîòîâî äëÿ íàïèñàíèÿ ìåòîäà �t. Ïîñëåäîâàòåëüíîñòü äåé-
ñòâèé äîâîëüíî ïðîñòà: ïîäãîòàâëèâàåòñÿ ìàòðèöà îáúåêòû-ïðèçíàêè ìå-
òîäîì prepare_data, çàòåì èä¼ò öèêë, ãäå íà êàæäîì øàãå äåëàåòñÿ îäèí
øàã íà dw. Êàæäûå steps_to_exclude øàãîâ îòáðàñûâàåòñÿ îäíî èëè
÷àñòü part_to_exclude íåðàâåíñòâ, ïîêà íå áóäóò âûïîëíåíû âñå íåðà-
âåíñòâà îñòàâøåéñÿ ñèñòåìû.

def fit_relax(self, X, y):

if self.method == 'relax':

X = self.prepare_data(X, y)
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unfulfilled = np.zeros(self.N)

step_number = 0

while np.any(X.dot(self.w) < self.eps) > 0:

dw = self.calc_dw(X)

self.w += self.theta * dw

unfulfilled += X.dot(self.w) < self.eps

step_number += 1

if step_number % self.steps_to_exclude == 0:

X, unfulfilled = self.delete_worst(X, unfulfilled)

Òàêæå íóæíî íàïèñàòü ìåòîä, êîòîðûé áóäåò ïðåäñêàçûâàòü êëàññû äëÿ
îáúåêòîâ ïîñëå îáó÷åíèÿ predict(self, X):

def predict(self, X):

X = np.array(X)

return (X.dot(self.w[: -1]) + self.w[-1] >= 0).astype(np.int)

4.2 Ðåàëèçàöèÿ ìåòîäà ñâåäåíèÿ ê ëèíåéíîìó ïðîãðàì-
ìèðîâàíèþ

Äëÿ ðåàëèçàöèè äàííîãî ìåòîäà íóæíî óìåòü ðåøàòü çàäà÷è ëèíåéíî-
ãî ïðîãðàììèðîâàíèÿ. Äëÿ ýòîãî èñïîëüçóåòñÿ áèáëèîòåêà python-a scipy.
optimize, â êîòîðîé ðåàëèçîâàíà íóæíàÿ ôóíêöèÿ linprog. Ïåðåïèñûâàòü
êîíñòðóêòîð êëàññà íå íóæíî, ïîòîìó ÷òî âñå íóæíûå ãèïåðïàðàìåòðû óæå
ïðèñóòñòâóþò â òîì, êîòîðûé íàïèñàí ðàíåå.

Òàê êàê ìàêñèìèçèðóåòñÿ ε, à ìåòîä linprog ìèíèìèçèðóåò ëèíåéíóþ
ôóíêöèþ cTw, à õî÷åòñÿ ìàêñèìèçèðîâàòü ε, ÷òî ðàâíîñèëüíî ìèíèìèçàöèè
−ε, òî â äàííîì ñëó÷àå c = ( 0, 0, ...,︸ ︷︷ ︸

D + 1 íóëåé

−1)T . Óñëîâèÿ âûãëÿäÿò ñëåäóþùèì

îáðàçîì:
Aubw ≤ bub. (21)

Íàì íóæíî èõ ñâåñòè ê

Xw ≥ ε, ãäå ε = ( ε, ε, ..., ε︸ ︷︷ ︸
Ntrain øòóê

)T , (22)

÷òî ðàâíîñèëüíî Xw − ε ≥ 0 èëè −Xw + ε ≤ 0. Äëÿ óïðîùåíèÿ çàïèñè
ââåä¼ì íîâûé âåêòîð w̃ = (w, ε)T è íîâóþ ìàòðèöó îáúåêòû-ïðèçíàêè X̃ =(
−X 1

)
. Òîãäà (22) ýêâèâàëåíòíî X̃w̃ ≤ 0.

Òàêèì îáðàçîì, â ðîëè Aub áóäåò X̃, â ðîëè bub áóäåò ( 0, 0, ..., 0︸ ︷︷ ︸
Ntrain øòóê

)T .

Èòàê, ïèøåòñÿ ìåòîä prepare_for_linprog(self, X, y) äëÿ ïîäãòîâêè

ìàòðèöû îáúåêòû ïðèçíàêè X̃, âåêòîðà c è ãðàíèö bounds. Íà÷àëüíûé âèä
äëÿ X̃ è c îïèñàíû âûøå. Êàê íóæíî çàäàòü ãðàíèöû äëÿ ïåðåìåííûõ? ßñ-
íî, ÷òî âåêòîð âåñîâ w íå äîëæåí áûòü îãðàíè÷åí êàêèìè-òî êîíêðåòíûìè
÷èñëàìè(õîòÿ æåëàòåëüíî, ÷òîáû ïî ìîäóëþ îíè íå áûëè ñëèøêîì âåëèêè).
Íî åñëè íå îãðàíè÷èòü ε ñâåðõó, òî, ðåøåíèå âîâñå íå áóäåò îãðàíè÷åíî, à
çíà÷èò, íå áóäåò íàéäåíî. Ïðè÷èíà ýòîìó ïðîñòà: äîïóñòèì, ÷òî åñòü êàêîå-
òî ðåøåíèå w̃∗ òàêîå, ÷òî ïîñëåäíÿÿ åãî ïåðåìåííàÿ, òî åñòü ε, áîëüøå íóëÿ.
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Òîãäà, òàê êàê ñèñòåìà (21) îäíîðîäíà, åñòü ðåøåíèå w̃‘ = 2 ·w̃∗, ó êîòîðîãî
ε â 2 ðàçà áîëüøå. Ïîýòîìó íóæíî îãðàíè÷èòü ε ñâåðõó ëþáûì ïîëîæèòåëü-
íûì ÷èñëîì, íàïðèìåð, åäèíèöåé. Íèæå ïðèâåäåíà ðåàëèçàöèÿ ìåòîäà:

def prepare_for_linprog(self, X, y):

X = self.prepare_data(X, y)

X = np.concatenate((- X, np.ones([self.N, 1])), axis=1)

c = np.concatenate([np.zeros(self.D), [-1]])

bounds = [[None, None] for i in np.arange(self.D + 1)]

bounds[-1][1] = 1

return X, c, bounds

Äàëåå íóæíî íàïèñàòü ìåòîä exclude_with_largest_angles, êîòîðûé
áóäåò èñêëþ÷àòü íåðàâåíñòâà, âåêòîð xk êîòîðûõ èìååò íàèáîëüøèé êîñè-
íóñ óãëà ñî ñðåäíèì âåêòîðîì îñòàëüíûõ íåâûïîíåííûõ:

def exclude_with_largest_angles(self, X, res):

unfulfilled = X[:, :-1].dot(res[:-1]) <= 0

sumed = np.sum(X[unfulfilled, :-1], axis=0)

cosines = np.ones(X.shape[0])

for j in np.arange(len(unfulfilled)):

if not unfulfilled[j]:

continue

rest_of_sum = sumed - X[j, :-1]

cosines[j] = X[j, :-1].dot(rest_of_sum) / \

rest_of_sum.dot(rest_of_sum) / X[j, :-1].dot(X[j, :-1])

to_exclude = []

for i in np.arange(max(1, self.part_to_exclude * self.N)):

argmin = np.argmin(cosines)

cosines[argmin] = 1

to_exclude.append(argmin)

X = np.delete(X, to_exclude, axis=0)

return X

Â ïåðâîì öèêëå íàõîäÿòñÿ êîñèíóñû äëÿ êàæäîãî íåâûïîëíåííîãî íåðà-
âåíñòâà. Â ñëåäóþùåì öèêëå ñîõðàíÿþòñÿ íîìåðà òåõ, êîòîðûå íóæíî áó-
äåò óäàëÿòü. Äàëåå ïðîèçâîäèòñÿ óäàëåíèå. Íà ÷èñëî íåâûïîëíåííûõ íåðà-
âåíñòâ äåëèòü íå îáÿçàòåëüíî, ïîòîìó ÷òî ýòî îáùèé êîýôôèöèåíò äëÿ âñåõ
êîñèíóñîâ, ïîýòîìó ëèøíåå äåëåíèå îòáðîøåíî.

Îñòà¼òñÿ ñîáðàòü âñ¼ âìåñòå è íàïèñàòü ìåòîä �t_using_linprog( self,
X, y) è äîïèñàòü ìåòîä �t(self, X, y):

def fit_using_linprog(self, X, y):

X, c, bounds = self.prepare_for_linprog(X, y)

res = np.nan

while True:

b_ub = np.zeros(X.shape[0])

res = op.linprog(c, A_ub=X, b_ub=b_ub, bounds=bounds).x

if res[-1] > 0:

break

X = self.exclude_with_largest_angles(X, res)

if res is not np.nan:

self.w = res[:-1]
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def fit(self, X, y):

if self.method == 'relax':

self.fit_using_relaxation(X, y)

elif self.method == 'linprog':

self.fit_using_linprog(X, y)

4.3 Ðåàëèçàöèÿ àïïðîêñèìàöèè ãëàäêîé ôóíêöèåé

Äëÿ äàííîé ðåàëèçàöèè òàêæå ïîíàäîáèòñÿ áèáëèîòåêà
scipy.optimize, èç êîòîðîé èñïîëüçóåòñÿ ôóíêöèÿ minimize.

Äëÿ ïîäãîòîâêè äàííûõ ïðîñòî âîñïîëüçîâàòüñÿ íàïèñàííîé prepare
_data. Òîãäà âñå îáúåêòû ìîæíî áóäåò ñ÷èòàòü çà îáúåêòû êëàññà 1, òî-
ãäà ïåðåä ñêàëÿðíûì ïðîèçâåäåíèåì â ïîêàçàòåëå ýêñïîíåíòû áóäåò ïðîñòî
åäèíè÷íûé

σ(xT
kw) =

1

1 + exp(xT
kw

)

∂σ(xT
kw)

∂wj
= −σ(xT

kw) · (1− σ(xT
kw)) · xkj

Îñòà¼òñÿ íàïèñàòü ìåòîäû äëÿ âû÷èñëåíèÿ ñàìîé ôóíêöèè øòðàôîâ L
è äëÿ âû÷èñëåíèÿ å¼ ãðàäèåíòà. Îíè íàçâàíû calc_sigmoid_L(self, X,
w) è calc_grad_L(self, X, w):

def calc_sigmoid_L(self, X, w):

return (1 / (1 + np.exp(X.dot(w)))).sum()

def calc_grad_L(self, X, w):

s = (1 / (1 + np.exp(X.dot(w))))

return - X.T.dot(s * (1 - s))

È îñòà¼òñÿ ïðîñòî ñîáðàòü âñ¼ âìåñòå â ìåòîäå �t_approx(self, X, y):

def fit_approx(self, X, y):

X = self.prepare_data(X, y)

self.w = op.minimize(lambda w: self.calc_sigmoid_L(X, w),

self.w,method='BFGS', jac=lambda w: self.calc_grad_L(X, w)).x

Ìåòîä �t òåïåðü âûãëÿäèò ñëåäóþùèì îáðàçîì:

def fit(self, X, y):

if self.method == 'relax':

self.fit_using_relaxation(X, y)

elif self.method == 'linprog':

self.fit_using_linprog(X, y)

elif self.method == 'approx':

self.fit_approx(X, y)

else:

print('No such method', self.method)
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4.4 Ðåàëèçàöèÿ ìåòîäà îïîðíûõ âåêòîðîâ (SVM)

Ñîçäàí îòäåëüíûé êëàññmany_weight_linear_model. Äëÿ SVM òðå-
áóåòñÿ ðåàëèçîâàòü ïîäñ÷¼ò ôóíêöèè ïîòåðü è å¼ ãðàäèåíòà. Ñíîâà íóæíà
ïîäãîòîâêà äàííûõ. Ðåàëèçàöèÿ prepare_svm(self, X, y):

def prepare_data(self, X, y):

X = np.array(X)

y = np.array(y).astype(int)

X = np.concatenate((X, np.ones([X.shape[0], 1])), axis=1)

self.N = X.shape[0]

self.D = X.shape[1]

self.M = np.unique(y).shape[0]

self.W = np.random.randn(X.shape[1], np.max(y) + 1) /

np.sqrt(X.shape[1] / 2)

self.t = 0

self.m = np.zeros(self.W.shape)

self.v = np.zeros(self.W.shape)

return X, y

Â ýòîì êëàññèôèêàòîðå è ñëåäóþùåì äëÿ ìèíèìèçàöèè ãðàäèåíòíîãî
ñïóñêà èñïîëüçóåòñÿ ìåòîä ìèíèìèçàöèè adam. Äëÿ åãî ðåàëèçàöèè íóæ-
íî óìåòü ïîäñ÷èòûâàòü ãðàäèåíò ôóíêöèè ïîòåðü. Ôóíêöèÿ, âû÷èñëÿþùàÿ
ãðàäèåíò è ñàìè ïîòåðè, íàçâàíà loss_and_grad_svm(self, X, y).

def loss_and_grad_svm(self, X, y):

scores = X.dot(self.W)

right_scores = scores[np.arange(self.N), y].reshape([self.N, 1])

margins = np.maximum(0, scores - right_scores + self.delta)

margins[np.arange(self.N), y] = 0

loss = np.sum(margins) / self.N + self.lmda * np.sum(self.W * self.W)

margins = margins > 0

to_minus = np.sum(margins, axis=1)

coefs_0 = ((margins[:, 0] > 0) - to_minus * (y ==

0)).reshape([self.N, 1])

derivatives = np.sum(X * coefs_0, axis=0)

derivatives = derivatives.reshape([1, self.D])

for i in np.arange(1, self.M):

coefs_i = ((margins[:, i] > 0) - to_minus * (y ==

i)).reshape([self.N, 1])

derivatives = np.concatenate((derivatives, [np.sum(X * coefs_i,

axis=0)]))

dW = derivatives.T / self.N + 2 * self.lmda * self.W

return loss, dW

Îòäåëüíî ðåàëèçîâàí ìåòîä adam(self, X, y.

def adam(self, X, y):

loss, dW = self.loss_and_grad(X, y)

self.t += 1

self.m = self.m * self.beta_1 + (1 - self.beta_1) * dW

self.v = self.v * self.beta_2 + (1 - self.beta_2) * dW * dW
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m = self.m / (1 - self.beta_1 ** self.t)

v = self.v / (1 - self.beta_2 ** self.t)

self.W -= self.learning_rate * self.m / (np.sqrt(self.v) + self.eps)

Ìåòîä loss_and_grad - îáîáùåíèå òîãî æå äëÿ svm.

def loss_and_grad(self, X, y):

if self.method == 'softmax':

return self.loss_and_grad_softmax(X, y)

else:

return self.loss_and_grad_svm(X, y)

Äëÿ ïðîñòîòû ïðîâîäèòñÿ ïðîñòî 1000 èòåðàöèé ñäâèãà âåñîâ áåç àíàëèçà
èçìåíåíèÿ ôóíêöèè ïîòåðü.

def fit(self, X, y):

X, y = self.prepare_data(X, y)

for step in range(1000):

self.adam(X, y)

Ôóíêöèÿ predict ïðèíèìàåò íîâûé âèä:

def predict(self, X):

X = np.concatenate((X, np.ones([X.shape[0],1])), axis=1)

scores = X.dot(self.W)

return np.argmax(scores, axis=1)

4.5 Ðåàëèçàöèÿ ìåòîäà ìèíèìèçàöèè êðîññ-ýíòðîïèè
(Softmax)

Âñ¼, ÷òî íóæíî äëÿ ðåàëèçàöèè - íàïèñàòü ìåòîä loss_and_grad_
softmax(self, X, y). Âñÿ îñòàëüíàÿ ÷àñòü çàëîæåíà â óæå ðåàëèçîâàííûõ
�t è adam.

def loss_and_grad_softmax(self, X, y):

scores = X.dot(self.W)

scores -= np.max(scores, axis=1, keepdims=True)

exp_scores = np.exp(scores)

probs = exp_scores / np.sum(exp_scores, axis=1, keepdims=True)

correct_logprobs = - np.log(probs[np.arange(X.shape[0]), y])

loss = np.sum(correct_logprobs) + self.lmda * np.sum(self.W * self.W)

dscores = probs

dscores[np.arange(X.shape[0]), y] -= 1

dscores /= X.shape[0]

dW = np.dot(X.T, dscores) + self.lmda * 2 * self.W

return loss, dW
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5 Ñðàâíåíèå íà ìîäåëüíûõ äàííûõ

Äëÿ íà÷àëà ñòîèò ñðàâíèòü êëàññèôèêàòîðû íà ìîäåëüíûõ äàííûõ. Áû-
ëè ñãåíåðèðîâàíû ðàçíûå âèäû âûáîðîê:

• Âûáîðêà, èìåþùàÿ 20 ïðèçíàêîâ. Äëÿ êàæäîãî ïðèçíàêà E[x1] = ∆ +
E[x2], ãäå âåðõíèé èíäåêñ - íîìåð âûáîðêè. Îáúåêòû ñãåíåðèðîâàíû èç
íîðìàëüíîãî ðàñïðåäåëåíèÿ, ãäå E[x1] = −0.5,E[x2] = 0.5,D[xi] = σ2,
çíà÷åíèå äèñïåðñèè èçìåíÿåòñÿ â ðàçíûõ ýêñïåðèìåíòàõ, ∆ = 1.

• Äàòàñåò àíàëîãè÷åí ïåðâîìó, íî åñòü òðè ïðèçíàêà, äàííûå äëÿ êî-
òîðîãî ñãåíåðèðîâàíû èç îäíîãî ðàñïðåäåëåíèÿ. Çäåñü òåñò ïîêàæåò,
ìîãóò ëè êëàññèôèêàòîðû îïðåäåëÿòü çíà÷èìîñòü ïðèçíàêîâ.

• Âûáîðêà, èìåþùàÿ 2000 ïðèçíàêîâ. Îáúåêòû ñãåíåðèðîâàíû èç íîð-
ìàëüíîãî ðàñïðåäåëåíèÿ, ãäå E[x1] = −0.5,E[x2] = 0.5,D[xi] = σ2,
çíà÷åíèå äèñïåðñèè èçìåíÿåòñÿ â ðàçíûõ ýêñïåðèìåíòàõ, ∆ = 1.

• breast cancer wisconsin dataset - äàòàñåò ïî ðàêîâûì áîëüíûì â
Âèñêîíñèíå.

Çíà÷åíèå σ ìåíÿëîñü îò 0.5 äî 2, ïðèëîæåí ãðàôèê êîëè÷åñòâà ïðàâèëüíûõ
îòâåòîâ äëÿ êàæäîãî èç êëàññèôèêàòîðîâ äëÿ ðàçíûõ äèñïåðñèé.

5.1 Ïåðâàÿ âûáîðêà

Â îáó÷àþùåé âûáîðêå - 400 îáúåêòîâ, â òåñòîâîé - 200. Ïðîâîäèëîñü ïî
5 òåñòîâ íà îäíó äèñïåðñèþ. Äèñïåðñèÿ ìåíÿëàñü â äèàïàçîíå îò 0.7 äî 2.
Ïàðàìåòðû äëÿ òåñòèðîâàíèÿ:

sigmas = np.linspace(0.7, 2, 14)

m1 = -0.5

m2 = 0.5

train_size = 400

test_size = 200

tests_num = 5

results = np.zeros([len(sigmas), 5])

lin_m = mm.one_weight_linear_model(method='linprog')

rel_m = mm.one_weight_linear_model(method='relax')

log_m = mm.one_weight_linear_model(method='approx')

soft_m = mm.many_weight_linear_model(method='softmax')

svn_m = mm.many_weight_linear_model(method='svm')

models = [lin_m, rel_m, log_m, soft_m, svn_m]

Ïðèâåä¼í ãðàôèê 1, íà êîòîðîì âèäíî, êàê ìåíÿëàñü äîëÿ âåðíûõ ïðåä-
ñêàçàíèé äëÿ êàæäîãî êëàññèôèêàòîðà.
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Ðèñ. 1: Ãðàôèê äîëè âåðíûõ ïðåäñêàçàíèé äëÿ êëàññèôèêàòðîâ íà 1 âûáîð-
êå

Íà òåñòàõ îêàçàëîñü, ÷òî ïðè óâåëè÷åíèè ÷èñëà ïðèçíàêîâ äîâîëüíî
ñèëüíî íà÷èíàåò ïðîèãðûâàòü ïî âåðåìíè ðàáîòû êëàññèôèêàòîð, îñíîâàí-
íûé íà ðåøåíèè çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ è ìåòîä àïïðîêñèìà-
öèè.

Òàêæå åãî òî÷íî ñèëüíî ôëóêòóèðóåò. Äëÿ ñëåäóþùèõ äàòàñåòîâ ñ áîëü-
øèì ÷èñëîì ïðèçíàêîâ îí áûë îòáðîøåë.

5.2 Âòîðàÿ âûáîðêà

Ïðèìåð ãåíåðàöèè âûáîðêè:

X1 = np.concatenate((np.random.normal(loc=0.5, scale=sigmas[i],

size=[int(train_size / 2), 17]),

np.random.normal(loc=-0.5, scale=sigmas[i],

size=[train_size - int(train_size / 2), 17])))

X1 = np.concatenate((X1, np.random.normal(size=[train_size, 3])), axis=1)

y1 = np.concatenate((np.ones(int(train_size / 2)), np.zeros(train_size -

int(train_size / 2))), axis=0)

Òåñòû áûëè ïðîâåäåíû ïîëíîñòüþ àíàëîãè÷íûå ïåðâûì. Â ðåçóëüòàòå
ñôîðìèðîâàí ãðàôèê òî÷íîñòåé êëàññèôèêàòîðîâ 2. Âèäíî, ÷òî âñå êëàñ-
ñèôèêàòîðû ðàáîòàþò ñ ïðèìåðíî îäèíàêîâîé òî÷íîñòüþ.
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Ðèñ. 2: Ãðàôèê äîëè âåðíûõ ïðåäñêàçàíèé äëÿ êëàññèôèêàòðîâ íà 2 âûáîð-
êå

5.3 Òðåòüÿ âûáîðêà

Íà äàííûõ ñ òàêîé æå äèñïåðñèåé ïðè áîëüøîì ÷èñëå ïðèçíàêîâ ïðåä-
ñêàçàíèÿ áûëè âåðíû íà âñåõ çíà÷åíèÿõ, ïîýòîìó âñå çíà÷åíèÿ sigmas áûëè
óâåëè÷åíû â 10 ðàç. Ãðàôèê ñ ðåçóëüòàòàìè óêàçàí íà ðèñóíêå 3.

17



Ðèñ. 3: Ãðàôèê äîëè âåðíûõ ïðåäñêàçàíèé äëÿ êëàññèôèêàòðîâ íà 3 âûáîð-
êå

5.4 ×åòâ¼ðòàÿ âûáîðêà

Äàòàñåò ñîäåðæèò 30 ïðèçíàêîâ, âñå îíè ÷èñëîâûå, íåò íóæíû â êàêèõ-
ëèáî ïðåîáðàçîâàíèÿõ, êðîìå öåíòðèðîâàíèÿ è äåëåíèÿ íà ñòàíäàðòíîå îò-
êëîíåíèå. Áûëî âûáðàíî 25% ñëó÷àéíûõ îáúåêòîâ ïîä òåòñîâóþ âûáîðêó,
îñòàëüíûå èñïîëüçîâàëèñü êàê îáó÷àþùàÿ âûáîðêà.

Òî÷íîñòü ïðåäñêàçàíèé óêàçàíà íà ãðàôèêå 4. Âèäíî, ÷òî âñå êëàññèôè-
êàòîðû, êðîìå ïåðâîãî èìåþò ïðèìåðíî îäèíàêîâûå ðåçóëüòàòû.
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Ðèñ. 4: Ãðàôèê äîëè âåðíûõ ïðåäñêàçàíèé äëÿ êëàññèôèêàòðîâ íà 4 âûáîð-
êå

6 Âûâîäû

6.1 Ðåàëèçîâàíû:

• Ðåëàêñàöèîííûé ìåòîä

• Ìåòîä ñâåäåíèÿ ê ëèíåéíîìó ïðîãðàììèðîâàíèþ

• Ìåòîä àïïðîêñèìàöèè ãëàäêîé ôóíêöèåé

• Ìåòîä îïîðíûõ âåêòîðîâ

• Ìåòîä ìèíèìèçàöèè êðîññ-ýíòðîïèè

6.2 Èññëåäîâàíû:

• êà÷åñòâà êëàññèôèêàòîðîâ íà ðàçëè÷íûõ âûáîðêàõ

• ñêîðîñòè ðàáîòû íà ðàçëè÷íûõ âûáîðêàõ

6.3 Ïðîâåäåíî ñðàâíåíèå:

Êëàññèôèêàòîð, ñâîäÿùèé çàäà÷ó ê ëèíåéíîìó ïðîãðàììèðîâà-
íèþ ïðîäåìîíñòðèðîâàë ñåáÿ ÷óòü õóæå îñòàëüíûõ ïî äîëå âåðíûõ ïðåä-
ñêàçàíèé è áûë ñàìûì ìåäëåííûì. Îäíàêî åãî ïëþñ â òîì, ÷òî åñëè ñè-
ñòåìà çàðàíåå ðàçäåëèìà, òî ìû ñðàçó ïîëó÷èì ε ≥ 0, â ñëó÷àå ε = 0 íàì
íóæíî óáåäèòüñÿ, ÷òî âåñà ìîäåëè íå çàíóëèëèñü. Íåðàâåíñòâî |w| > 0 ãîâî-
ðèò î òîì, ÷òî åñòü íîðìàëü ê äâóì ïîëóïëîñêîñòÿì, â êîòîðûõ íàõîäÿòñÿ
îáúåêòû êëàññîâ. Òî åñòü ñâåäåíèå çàäà÷è ê ëèíåéíîìó ïðîãðàììèðîâàíèþ
ïîçâîëÿåò ñêàçàòü, åñòü ëè ìåæäó íà÷àëüíûìè äàííûìè ðàçäåëÿþùàÿ ãè-
ïåðïëîñêîñòü.
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Àïïðîêñèìàöèÿ ãëàäêîé ôóíêöèåé , ÷åãî è ñëåäîâàëî îæèäàòü, ïðî-
ÿâèëà ñåáÿ õîðîøî è â ïëàíå òî÷íîñòè ïðåäñêàçàíèé, è â ïëàíå âðåìåíè
ðàáîòû.

Ðåëàêñàäèîííûé ìåòîä òàêæå îêàçàëñÿ äîñòàòî÷íî õîðîø è ðàáîòàë
áûñòðåå îñòàëüíûõ. Ìîæíî çàêëþ÷èòü, ÷òî îí âïîëíå æèçíåñïîñîáåí ïðè
óñëîâèè, ÷òî åñòü óâåðåííîñòü, ÷òî è îáó÷àþùàÿ, è òðåíèðîâî÷íàÿ âûáîð-
êà äîñòàòî÷íî ñõîæè. Îñíîâíîé ïëþñ äàííîãî êëàññèôèêàòîðà â âûñîêîé
ñêîðîñòè ðàáîòû.

Ìåòîä îïîðíûõ âåêòîðîâ òàêæå ïðîÿâèë ñåáÿ âïîëíå óñïåøíî. ßâëÿåò-
ñÿ ðàçóìíûì âûáîðîì â ñëó÷àå êëàññèôèêàöèè ñ áîëüøèì ÷èñëîì êëàññîâ,
åñëè ðå÷ü èä¼ò î ëèíåéíîé êëàññèôèêàöèè.

Ìèíèìèçàöèÿ êðîññ-ýíòðîïèè , ÷òî ïîäòâåðæäàåòñÿ ñòàòüÿìè, âåä¼ò
ñåáÿ ïðèìåðíî íà îäíîì óðîâíå ñ ìåòîäîì îïîðíûõ âåêòîðîâ.
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