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Abstract: The paper presents the results of application of a grid-characteristic method to simulation of wave
processes in media with linearly-elastic and acoustic layers on the example of seismic exploration of the
Arctic shelf. The grid-characteristic method correctly describes the contact and boundary conditions. The
results of numerical simulation are presented, the method is shown to be applicable to solution of seismic
exploration problem on the Arctic shelf.
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The Arctic shelf of the Russian Federation contains large deposits of hydrocarbons [5]. Currently, this region
contains 594 detected oil fields and 159 gas fields. The initially recoverable reserves of oil in the Arctic zone
are about 7.8 billion tons including 500 million tons on the shelf, the gas reserves are 65 billion m3 including
10 billion m3 on the shelf [5]. The estimates of reserves obtained earlier have to be refined for all hydrocarbon
fields. One of the main challenges in estimation of the amount of mineral resources is caused by the different
ice formations. For example, the Kara sea contains drifting ice almost all year round, the Pechersk and Barents
seas contain icebergs and hummocks [8]. In this regard, solution of modelling problems for wave processes
appearing on the Arctic shelf becomes rather important. [7, 24].

1 Determining equations
The equations describing expansion of waves in a linearly-elastic medium [23, 26] were presented, for example, in Love [20],
∂
(1.1)
ρ υ = (∇ ⋅ σ)T
∂t
∂
σ = λ(∇ ⋅ υ)I + µ(∇ ⊗ υ + (∇ ⊗ υ)T )
(1.2)
∂t
where ρ is the density of the material, υ is the motion velocity, σ is the Cauchy stress tensor, λ and µ are the
Lame parameters determining the properties of elastic material [28], I is the unit tensor, ⊗ is the operator of
tensor product, t is the time. Equation (1.2) is Hooke’s law differentiated with respect to time.
In order to simulate numerically the propagation of waves in sea water and in the oil-gas incorporation,
we use the following acoustic system:
∂
ρ υ = −∇p
(1.3)
∂t
∂
p = −c2 ρ(∇υ)
(1.4)
∂t
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where p is the pressure, υ is the motion velocity, ρ is the density, c is the speed of sound in the ideal fluid, t
is the time.
The velocity of longitudinal and transverse waves in the linearly-elastic medium is calculated by the
formulas
λ + 2µ
µ
cp = √
,
cs = √ .
(1.5)
ρ
ρ

2 Numerical method of calculation
Numerical solution of systems of equations (1.1), (1.2) and (1.3), (1.4) is performed with the use of a gridcharacteristic method [11] allowing us to construct well-definite numerical algorithms for calculation of
points at boundaries [21] and points lying on interfaces of two media with different densities and different
Lame parameters.
System of equations (1.1), (1.2) can be represented in a matrix form (three motion equations, six rheological relations [11]). For the three-dimensional case this system has the form
∂q
∂q
∂q
∂q
+ A1
+ A2
+ A3
= 0.
∂t
∂x1
∂x2
∂x3

(2.1)

Here q is the vector consisting of three velocity components and six components of the symmetric stress
tensor:
q = {υ1 , υ2 , υ3 , σ11 , σ22 , σ33 , σ23 , σ13 , σ12 }T .
(2.2)
The method of splitting with respect to spatial coordinates is applied to equations (2.1), which results in
the following three systems of one-dimensional equations:
∂q
∂q
= Aj
,
∂t
∂x j

j = 1, 2, 3.

(2.3)

Each of these systems is hyperbolic and has a complete set of eigenvectors with real eigenvalues, therefore, each of them can be written as
∂q
∂q
= Ω−1
Λj Ωj
.
(2.4)
j
∂t
∂x j
Here Ω j is the matrix composed of eigenvectors, Λ j is the diagonal matrix whose elements are the eigenvalues.
For all coordinates the matrix Λ looks like
Λ = diag{c1 , −c1 , c2 , −c2 , c2 , −c2 , 0, 0, 0}

(2.5)

where c1 = √(λ + 2µ)/ρ is the longitudinal speed of sound in the medium, c2 = √µ/ρ is the transverse speed
of sound.
Changing the variables ν = Ωq, we split each of systems (2.4) into 9 independent scalar transfer equations:
∂ν
∂ν
+Λ
= 0.
(2.6)
∂t
∂x
One-dimensional transfer equations can be solved by the method of characteristics or by finite-difference
schemes [13].
After all the components ν have been transferred, we can reconstruct the solution, i.e.,
qn+1 = Ω−1 ν n+1 .

(2.7)

Transfer equation (2.6) was solved by the grid-characteristic method based on Rusanov’s scheme of the 3rd
order of accuracy (see [14]):
ν m n+1 = α−2 ν m−2 n + α−1 ν m−1 n + α0 ν m n + α1 ν m+1 n
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Figure 1: Schematic representation of the computational domain with indication of the boundaries.

where the coefficients α−2 , α−1 , α0 , and α1 can be obtained from the condition of the 3rd order approximation
of the scheme by expanding it into a Tailor series relative to, for example, the point (x m n ). As the result, we
get the following system of equations for the unknown coefficients α:
α−2 + α−1 + α0 + α1 = 1

(2.9)

−2α−2 − α−1 + α1 = − σ
4α−2 + α−1 + α1 = σ

(2.10)

2

(2.11)
3

−8α−2 − α−1 + α1 = − σ .

(2.12)

Here σ = λτ/h, where λ is the transfer rate, τ is the time integration step, h is the integration step in the
coordinate.
The numerical solution was regularized with the use of the monotonicity criterion [14]. For the positive
values λ > 0 this criterion is the following:
min{ν m n , ν m−1 n } ⩽ ν m n+1 ⩽ max{ν m n , ν m−1 n }

(2.13)

while for negative values λ < 0 the criterion is symmetric.
In the computations we used the following conditions for the boundary:
(1) (σn) = 0 for calculation of the free boundary, where n is the unit normal to the surface of the body, σ is
the Cauchy stress tensor;
(2) absorption condition.
The general formulation of the direct problem of seismic exploration is presented in Fig. 1: the condition of
free boundary is posed on the upper boundary AB, the absorption condition is posed on the lateral boundaries AC, BD and on the lower boundary CD. The white triangle on the boundary AB indicates a point source
of seismic waves, grey triangles indicate receivers of the signal.
The calculation showed the ability to use the grid-characteristic method for simulation of wave processes
on the Arctic shelf. This numerical method allows us to pose correct boundary conditions for the integration
domain and on boundaries of calculation domains. The method takes into account the physical nature of the
phenomenon, i.e., propagation of perturbations along characteristics.

3 Conditions on the interface of the liquid and rigid body
We consider the condition on contact boundaries between integration parts described by systems of equations (1.1), (1.2) and (1.3), (1.4). Denote these contacting domains by a and b, nab is the outer normal to the
rigid body being the inner normal to the liquid [6]. The contact condition of free slipping on the interface of
the boundaries a and b is the following:
nab ⋅ υ a,n+1 = nab ⋅ υ b,n+1 = Vn+1

(3.1)

[nab , σ a,n+1 ⋅ nab ] = [nab , σ b,n+1 ⋅ nab ] = 0

(3.2)
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p b,n+1 = −(σ a,n+1 ⋅ nab ) ⋅ nab .

(3.3)

Condition (3.1) provides the equality of normal velocity components in the ideal liquid and rigid body, (3.2)
represents the vanishing of the tangent component of the surface density of forces acting from the rigid body,
(3.3) equates the normal component of the surface density of forces from the rigid body to the pressure in the
ideal liquid.
The velocity vector Vn+1 is calculated so that conditions (3.1)–(3.3) hold, i.e.,
Vn+1 =

1
n+1(in)
n+1(in)
n+1(in)
n+1(in)
[ρ a c a1 υ a
+ ρ b c b1 υ b
− (σ a
− σb
⋅ n)] ⋅ n
ρ a c a2 + ρ b c b2

n+1(in)

(3.4)
n+1(out)

The value υ a
can be obtained in (3.4) in the same way as υ n+1
for inner points. The value υ a
a
n
expressed from the boundary condition Bq = b
υ n+1(out) = (BΩ(out) )−1 (b − Bqn+1(in) )

is

(3.5)

In (3.5), Ω(in) and Ω(out) are rectangular matrices composed of the columns of matrix Ω−1 corresponding to
characteristics coming in, or going out of the integration domain, respectively.
In order to describe the behaviour of the liquid, we use a mixed boundary condition with the given normal
velocity component Vn and the tangent component fτ having the following form (see [12]):
f = fτ + n(ρc1 Vn + n ⋅ (σ n+1(in) ⋅ n − ρc1 υ n+1(in) )),

fτ = 0.

(3.6)

In (3.6), f is the total density of surface forces (σ ⋅ n = f ). After that we use the following formulas for the
given density of surface forces on the boundary f:
qn+1 = qn+1(in) −

c1 zn+1 − (c1 − c2 )(zn+1 ⋅ n)n
ρc1 c2

σ n+1 = σ n+1(in) − zn+1 ⊗ n − n ⊗ zn+1 −

(zn+1 ⋅ n)
(λI − 2(λ + µ)n ⊗ n).
λ + 2µ

(3.7)

(3.8)

Here zn+1 = σ n+1(in) ⋅ n − f, I = diag(1, 1, 1).
For the rigid body we use the boundary condition with a given velocity V of the boundary
υ n+1 = V

(3.9)

σ n+1 = σ n+1(in) − ρ[(n ⋅ g n+1 )((c1 − 2c2 − c3 )n ⊗ n + c3 I) + c2 (g n+1 ⊗ n + n ⊗ g n+1 )]

(3.10)

where c3 = √λ2 /(ρ(λ + 2µ)), g n+1 = υ n+1(in) − V.

4 Study of seismic wave fields in Northern seas in the presence of
ice cover
We carried out numerical experiments for numerical solution of problems of seismic exploration on the Arctic
shelf. We considered rheological models of ice, water, and soil. The ice was represented as an elastic plate
of finite thickness on the water surface and was considered as a linearly-elastic deformable body because
seismic pulses are so weak that deformations can be considered small. In this paper, the ice thickness was
taken equal to 3 m although the thickness of the ice cover in the Arctic shelf area can be 2–2.5 m [8]. The
developed algorithms and software allow us to calculate the ice fields of different thickness. We compared
two models, i.e., with oil and gas layer and without it. In all calculations the spatial mesh size in x and y
coordinates was taken equal to 5 m. The step in z direction in the ice cover was 0.5 m, in the water layer it was
1 m, and in the soil layer it was 5 m. The time step was taken equal to 10−4 s according to the Courant stability
condition, 7 thousand steps in time were applied.
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(a) Model with ice cover and without oil and gas layer.

(b) Model with ice cover and oil and gas layer.

Figure 2: Schematic representation of models with ice cover at the initial time moment.

(a) Wave at the time moment 0.18 s in the following layers: ice
cover, water.

(b) Wave at the time moment 0.38 s in the following layers: ice
cover, water, soil.

(c) Wave at the time moment 0.44 s in the following layers: ice
cover, water, soil.

(d) Wave at the time moment 0.52 s in the following layers: ice
cover, water, soil.

Figure 3: Wave patterns for models with ice cover at the different time moments.

We considered an ice layer with the density 917 kg/m3 , a water layer of thickness 200 m and density 1000
kg/m3 , a soil layer of thickness 1000 m and density 2100 kg/m3 . The size of the integration domain in x and
y axes was 2000 by 2000 m. The oil and gas reservoir had the sizes 1200 m by 1200 m, the density of 1800
kg/m3 and was located at the depth of 700 m under the ground. The longitudinal speed of sound in ice cover
was taken equal to 3940 m/s, the transverse speed was 2493 m/s. The speed of sound in water was 1500 m/s.
In the soil layer the transverse speed of sound was taken equal to 1875 m/s, the longitudinal one was 3000
m/s. The transverse speed of sound in the oil and gas layer was 2000 m/s, the longitudinal one was 2500 m/s.
At the sides of the computational domain we posed non-reflecting boundary conditions [9].
The exposure was applied by a single Ricker source pulse located at the center of the computational
domain on the surface of the ice cover. The receivers were located on the bottom at the center of the computational domain at the distance of 10 m from each other.
Schematic representation of models can be seen in Fig. 2: (a) the model with ice cover and without oil
and gas layer; (b) the model with ice cover and oil and gas layer.
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(a) Model with oil and gas layer.

(b) Model without oil and gas layer.

Figure 4: Typical seismograms to distinguish the situations of presence and absence of the oil and gas layer in models with ice
cover.

It is difficult to represent the ice layer in the figure because its size is much smaller than that of water or
soil. Figure 2 shows only the water, soil, and oil layers.
The wave patterns at the different time moments are presented in Fig. 3. In Fig. 3a the wave passes through
the ice and water layers, in Fig. 3b the wave passes through the soil layer. In Figs. 3c and 3d the wave reaches
the oil and gas layer and reflections from that layer are observed. Hereinafter the wave patterns were obtained
using the software described in [25]. Figure 3c presents reflections from the oil and gas layer. It is seen that
the ice layer does not affect the reflection from the inhomogeneity in the soil layer.
The z-axis seismograms for the given formulations of the problem are presented in Fig. 4. Upper parts of
both Figs. 4a and 4b show feedback from the ice cover and water layer. Then, after a certain distance (namely,
200 m, which is the size of the water layer) both pictures show visible reflections from the soil layer. After that,
in Fig. 4a we can see reflections from the oil and gas layer, but Fig. 4b has no such patterns, which corresponds
to the conditions of the problem. The seismograms were obtained using the software described in [25].
Based on the obtained seismograms and wave patterns we can conclude that the ice cover does not essentially influence the appearance of reflections from the oil and gas layer.

5 Study of seismic wave fields in Northern seas in the presence of
icebergs
In addition to ice cover, there are large ice formations, icebergs in Northern seas [2, 9, 10, 17]. We considered
models with icebergs, water, and soil layers. In calculations we represented icebergs by rectangular ice structures with an area of 22500 m2 and the keel depth of 30 m [15]. All parameters for the different layers (ice,
water, soil, oil and gas), i.e., the density, speed of sound of longitudinal and transverse waves were taken the
same as in the model with ice cover.
The size of the integration domain was 2000 by 2000 m. The thickness of the water layer was 200 m, for
the soil layer it was 1000 m. An inhomogeneity of 1200 by 1200 m was located at the distance of 700 m under
the ground.
We considered two formulations of the problem with different number of icebergs, namely, (1) one iceberg
at a considerable distance from the point where the impact by the Ricker pulse originates (two models with
oil and gas reservoir and without it, respectively); (2) two icebergs located at equal distances from the point
of Ricker pulse disturbance (similarly, two models with oil and gas reservoir and without it). In both cases
the icebergs were located at the distance of 750 m from the point of disturbance. Schematic representation
of the four models can be seen in Fig. 5: (a) the model with one iceberg and oil and gas layer; (b) the model
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(a) Model with one iceberg and oil and gas layer.

(b) Model with one iceberg and without oil and gas layer.

(c) Model with two icebergs and oil and gas layer.

(d) Model with two icebergs and without oil and gas layer.

Figure 5: Schematic presentation of models with icebergs at the initial time moment.

with one iceberg and without oil and gas layer; (c) the model with two icebergs and oil and gas layer; (d) the
model with two icebergs and without oil and gas layer.
The wave patterns for the problem with one iceberg are presented in Fig. 6. In Fig. 6a the wave passes
through the water layer, in Fig. 6b the wave reaches the soil layer. In Figs. 6c and 6d the wave passes through
the oil and gas layer and we can see reflections from it. In Fig. 6d the wave reaches the iceberg and we can
see reflections from this ice inhomogeneity. Further we see in seismograms that the iceberg does not prevent
the receipt of seismograms to get reflections from the oil and gas layer.
The wave patterns for the problem with two icebergs are presented in Fig. 7. In Fig. 7a the wave passes
through the water layer, in Fig. 7b the wave reaches the soil layer; in Figs. 7c and 7d the wave passes through
the oil and gas layer, we can see clear wave lines of reflection from it.
The z-axis seismograms for these formulations of the problem are presented in Fig. 8. Figures 8a and
8b present the readings of sensors for the case of one iceberg. One can see distinctions between the case of
presence of the oil and gas layer and its absence in the form of additional reflections in the lower parts of
figures. In the models with two icebergs one can also see similar distinctions in the presence/absence of the
inhomogeneous layer (see Figs. 8c and 8d). The icebergs do not essentially affect the readings (seismological
tracks) from the sensors because ice heterogeneities are located sufficiently far (750 m) from the point of
action.
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(a) Wave at time moment 0.15 s in the water layer.

(b) Wave at time moment 0.35 s in the water and soil layers.

(c) Wave at time moment 0.45 s in the water and soil layers.

(d) Wave at time moment 0.8 s in the water and soil layers.

Figure 6: Wave patterns at the different time moments for the model with one iceberg.

(a) Wave at time moment 0.15 s in the water layer.

(b) Wave at time moment 0.35 s in the water and soil layers.

(c) Wave at time moment 0.45 s in the water and soil layers.

(d) Wave at time moment 0.6 s in the water and soil layers.

Figure 7: Wave patterns at the different time moments for the model with two icebergs.
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(a) Model with one iceberg and oil and gas layer.

(b) Model with one iceberg without oil and gas layer.

(c) Model with two icebergs and oil and gas layer.

(d) Model with two icebergs and without oil and gas layer.

Figure 8: Typical seismograms to distinguish the situations of presence and absence of the oil and gas layer in models with
icebergs.

6 Study of seismic wave fields in Northern seas in the presence of
ice hummocks
Ice hummocks being big piles of ice debris appear in Northern seas [10] and their keels can reach the depth
of 40–50 meters [29].
The model was formed by the water and soil layers. We compared models with the presence or absence
of the oil and gas layer with the presence of a hummock in both cases and the model without oil and gas
layer and hummock to study in detail reflections from the oil and gas layer and from the ice hummock. In
our calculations the hummock was a set of ice structures with gaps filled with water. Usually, the keel of
hummock has a triangular form, but the form shown in Fig. 9d may also occur [22]. In the calculations the
keel depth was 50 m.
All the parameters (density, speed of sound) of the ice, water, soil, oil and gas layer were taken equal to
the values from the model with ice cover.
The size of integration domain in calculations was 2000 by 2000 m. The thickness of the water layer was
200 m, for the soil layer it was 1000 m. An inhomogeneity of 1200 by 1200 m was located at the distance of
700 m under the ground.
The schematic presentation of the models is shown in Fig. 9: (a) the model with a hummock and without
oil and gas layer; (b) the model with a hummock and oil and gas layer; (c) the model without a hummock and
oil and gas layer; (d) the model of hummock.
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(a) Model with hummock and without oil and gas layer.

(b) Model with hummock and oil and gas layer.]

(c) Model without hummock and oil and gas layer.
(d) Model of hummock.
Figure 9: Schematic presentation of models with hummock.

(a) Model with hummock and without oil and gas layer.

(b) Model with hummock and oil and gas layer.

(c) Model without hummock and oil and gas layer.
Figure 10: Typical seismograms to distinguish the situations of presence and absence of the oil and gas layer and hummock.

The z-axis seismograms for these formulations of the problem are presented in Fig. 10. Figures 10a and
10b show that the hummock does not contribute essentially into seismograms, the reflections from the water
and soil layers are clearly seen. In contrast with Fig. 10a, the additional reflections from the oil and gas layer
are seen in Fig. 10b. There is no response from the left in Fig. 10c because this model does not contain the
hummock.
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7 Conclusions
1.

A grid-characteristic method has been developed for numerical solution of direct seismic exploration
problems in Arctic.
2. Using the grid-characteristic method, numerical experiments solving seismic exploration problems on
Arctic shelf were carried out. The corresponding seismograms were constructed for each formulation of
the problem, the responses from media with different densities and speed of sound (ice, water, soil, oil
and gas layer) were analyzed in detail.
3. For these formulations of the problem the seismograms presented in the paper show that ice formations
do not give essential responses in the direction perpendicular to the sea surface. This conclusion is in
good agreement with the results of studies undertaken under real conditions [3].
4. The calculations show the efficiency of the grid-characteristic method for numerical solution of direct
problems of seismic exploration in the Arctic.
Funding: The work was supported by the Russian Science Foundation (project No. 14–11–00434).
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